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Mihlin's (1956) and Hormander's (1960) theorem on
Fourier multipliers on LP(R)

Let m: R\{0} — C be a differentiable function such that
SUPsegr+ |M(t)], supycp« |tm'(t)] < co. Let 1 < p < co. Then the
operator N, : LP(R) — LP(R) given by

~ 1 A .
N (F)(x) = F Y mAl(x) = — / m(t)F()e dt
27'(' R
is bounded.
We denote M!(RR) the class of such functions m with
I mll s gy = max {supgee- m(t)], supecg- [em'(£)]}.
There is also a d-dimensional Mihlin theorem, and in its form for
radial functions m : RY — C, it reads as

[Nl o () s 1Ry S Ml ke, y with k > § and
Ml i,y = max {supssq [m(t)], ..., supesg ]tkm(k)(t)]} < 0.



Interpretation through the Cy-group of translations

One can rewrite

Npf(x) =mx f(x) = /anv(s)f(x —s)ds = / m(s) Tsf(x)ds

R
with T¢f(x) = f(x — s) the translation. Ts: LP(R) — LP(R) is
uniformly bounded, and moreover (Ts)scr is a Co-group.
Definition: Cy-group
Let X be a Banach space and for s ¢ R, T5: X — X. Then
(Ts)ser is called Co-group if

1. To=ldy,

2. Tere=Tso Ty (s, t €R),

3. Ts(x) = x for s = 0, (x € X).



Transference principle

Question
For which Cp-groups (Ts)scr, on which spaces X and for which
functions m : R — C, is the operation

bounded X — X7
The question is formulated very generally. The following is a first
classical result.
Theorem (Transference principle, Coifman-Weiss 1977)
Let (Ts)s be a Co-group on X such that
C :=supser || Tsllx_,x < 00. Let (Ss)s be the Co-group of
translations on LP(R, X). Let m: R — C, M,, be the operator
associated to (Ts)s and N, the operator associated with (Sg)s.
Then

[Minllx_x < C? [Nmll Lo x) - Lo (R, X) -



Mihlin's theorem on LP(R, UMD)

Question:
For which Banach spaces X do we have an estimate of the norm

[Nm @ x|l or x)—s1o(R,x) 7
> if X = LP(Q), then by Fubini,

[N @ 1dLo@) | o g o)) s e (@ 0(2)

= HIdL"(Q) ®NmHLP(Q,LP(R))—>LP(Q,LP(R)
= [ Nmll o (R)= 1o (R) -

So with Mihlin's theorem,
[Nm @ x| 1p(r, x)— (R, x) < Co Il v (my-

» Theorem (Bourgain, McConnell, Zimmermann): If X is a
UMD space, then
[Nm @ 1dx | 1o x) - o, x) < Cox [[Mllpn gy As an
approximate rule, any reasonable reflexive space is UMD: For
1< p<oo: P LP(Q), W™P(R), SP, ...



Functional calculus of the generator of a Cy-group

Notation:
For a Co-group (Ts)ser, we write iAx = lims_o < (T (x) — x) the
generator. Then

1 1 isA _
gl\/lmx =2 ) m(s)e" xds = m(A)x
becomes the functional calculus of the generator.
For example, if Tsf(x) = f(x —s) on LP(R), then A=iZ.
By putting the above results together, one obtains
Theorem (Coifman-Weiss (1977), Bourgain (1983), McConnell
(1984), Zimmermann (1989), Hieber-Priiss (1998))
Let (Ts)scr be a bounded Cp-group acting on a UMD Banach
space X. Let /A be its generator. Then

Im(A)llx-x < Cllmllan sy -



Families of Cy-groups

From now on, we consider finite families of bounded Cy-groups
which act on a same Banach space.

Example

letdeN, 1< p<oo, and X = Lp(]Rd).

For k =1,...,d, let e™«(f)(x) = f(x — tey) be the translation in
direction k.

Then (e™1),cr, (€™2) 1R, . . ., (€9)ser form a family of d
bounded Cy-groups that commute, on LP(Rd), with generators
A = —8k.



Multiplication Cy-groups

There is another natural family of bounded Co-groups on LP(RY).

Example

Let d €N, 1< p < oo, and X = LP(RY).

For k =1,...,d, let e™B¢f(x) = e™«f(x) be multiplication
operators.

Then (eB1)cg, (82)icR, . . ., (e™B4)cr form a family of d
bounded commuting Cp-groups, with generators iByx = ix.



Families of non-commuting Cy-groups

Theorem (Lancien-Lancien-Le Merdy (1998), Kalton-Weis
(2001), Hytdnen (2004), Dore-Venni (2005))

Let Cy,..., Cy be generators of d bounded and commuting
Co-groups acting on the same UMD space. Then

d
Im(Cy,..., Ca)ll < csup{|t\al\oam(t)| o€ {01}, Jo < [ 7] +1}

Question

Is this Theorem applicable to A = (A1,...,Aq, B1,..., By) with
Ax = i0k and By = x;? Do the Cy-groups e™ and e'Bi
commute?

Answer
No, but almost yes! All groups commute except for the rule

e:tAke:sBk — e—ISteISBkeltAk.



Definition of ©-Weyl tuples

Inspired by the commutation relations of the preceding slide, we
define the following generalisation of translation and multiplication
groups.

Definition ©-Weyl tuple

Let iXi,...,iX, be generators of bounded Cy-groups that act on a

same Banach space X. Let © € R™ " be an anti-symmetric matrix
(07 = —-0). We call (Xi,...,X,) a ©-Weyl tuple if

ek eXj — o®utsoiXiolXi (| j—1 . n tseR).

So (i01,...,104,X1,...,X4) is a < (i 1Od)—WeyI tuple on
—14
LP(RY).



The ©-Weyl functional calculus

Definition of the ©-Weyl functional calculus
Let X = (Xi,...,X,) be a ©-Weyl tuple. For t € R", we put

n
. 1- .
elt-X — e_ilzk>j Ojtrt; H e’thk.
k=1
Then we have the relation
e/t~Xels~X —_

e%i(t,@s>ei(t+s)-2(.

Next we define for m € S(R”

~—

m(t)e ¥ dt,

n

3
&
Il
S
T

the ©-Weyl functional calculus.



Functional calculus of ©-Weyl tuples

Question
Does the ©-Weyl functional calculus admit Mihlin M* bounds as it
was the case for n = 1 (a single Cp-group)/ for the case of © = 07

Let us examinate the two steps of the proof for the case n = 1.



©-transference principle

1st step: Transference principle? One has the following result:
Theorem Transference Principle (van Neerven-Portal (2020),
Arhancet-Hagedorn-K.-Portal (2023))

Let © € R™" be anti-symmetric. There exists a ©-Weyl tuple
Auniv = (A1,...,Ap) on LP(R™), 1 < p < oo with the following
property. For X' any ©-Weyl tuple which acts on any Banach
space X, and m € S(R"),

[m(X)][Bx) S |m(Auniv @ 1dx) B(Lo (7, X))-

The tuple A,y is explicit, the Ay are linear combinations of the Oy
and the x;.



Functional calculus of the universal ©-Weyl tuple

2nd step: Functional calculus of the universal tuple A, niv ® Idx on

LP(R", X).
Problem: In contrast with the translation-multiplication tuple
(i01,...,i0d,x1,...,Xq4), the functional calculus of the ©-Weyl

tuple A,niv does not consist of pseudo-differential operators.
Consequently, one does not know reasonable bounds of the
functional calculus of A, .

In order to obtain a result: In the following, we restrict the
functional calculus of Ay, to radial spectral multipliers.

That is to say, we put B =Y _[_; A2, where Ay = (A1, ..., An)
and consider later m : (0, 00) — C which will yield a bounded
operator m(B).



Functional calculus of the universal ©-Weyl tuple 2

We have the following result:

Lemma

B=>,_4 Ai is the generator of a contractive Cy-semigroup
(T¢)e>0 on LP(R") for 1 < p < oc.

We have o(B) C [0,00) (even in [a, 00) for an
a=a(0)>0,0#0).

(T;); is analytic for Rez > 0.

Moreover, for all z with Rez > 0, T, has a rapidly decaying
integral kernel.



Universal Weyl tuple on Schatten classes

Definition Schatten class

Let 1 < p < oo. Then

SP={T : > — (?: T compact and tr(|T|P) < oo} is a UMD
1

Banach space with norm || T||g, = tr(|T|P)>.

Theorem (Arhancet-Hagedorn-K.-Portal (2023))

Let © be anti-symmetric and A, the universal ©-Weyl tuple on
LP(R™), 1 < p < co. Let B be the sum of squares which generates
the Cy-semigroup associated with A,,;,. Then

Im(B @ 1dse) || p(ir(nsey) S mllmkc,y with k > 242,

The proof is based on a new method to obtain square function
estimates in the space LP(R", SP) and
[Gonzalez-Pérez—Junge—Parcet 2017].



Application: The Moyal-Groenewold plane 1

Let # € RY*9 anti-symmetric and s € RY.
One defines unitaries A s : L2(R?) — L2(RY) by

Nos(§)(t) = "¢ (e — s)
(twisted translation).
0 =0: \gs = eS0) c [(RY).
There is a non-commutative LP space LP(RY, 7) generated by
these unitaries, whose typical elements are of the form

NolF) = /R R{CIYRE

for some f.

Then on this non-commutative LP space, there are operators
> etDi)\y o = e )y (translation, or derivation),
> X N\g(f) = Ng.re, No(f) (multiplication).

The tuple (D1, ..., Dg, X1,...,Xg) is a ©-Weyl tuple with

_ 0 —Id 2dx2d
e_<ld 0>€R :



Application: The Moyal-Groenewold plane 2

Theorem (Arhancet-Hagedorn-K.-Portal (2023))
Let 1 < p < oo. Let (iDl, ey iDgy X1,y - .. ,Xd) be the ©-Weyl
tuple as above on the non-commuative LP space Lp(Rg, 7). Let

B = Zi:l —DZ? + X? be the sum of squares operator: the
quantum harmonic oscillator.

(If@ =0, then B=39_, —32 +x2 = —A + |x]?).
Then

Im(B)l g(er(rd,ry) < Imlimeee,)

with k > d + 3.
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