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Definition

A first order differential calculus (FODC) (T, d) over A is the datum of:
1. an A-bimodule T;
2. alinear map d : A — T satisfying the Leibniz rule d(ab) = (da)b + adb for every a, b € A;
3. a surjectivity condition I = AdA, i.e. I =span{adb: a, b € A}.

Definition
A differential calculus on a K-algebra A is a differential graded algebra (Q°, A, d) which is generated in
degree zero and such that Q° = A. The former means that

QF = spang{a’da' A---Ada*: &%, ..., a" € A}.

We call elements of Q differential k-forms.
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The maximal prolongation of a FODC

Let A a K-algebra and (I',d) a FODC over A.
Build up the tensor product algebra

M =Proa=Asroene.. .,
n=0

Consider the graded ideal S" C T, generated by elements >, da’ ®4 db’ where &', b’ € A, such
that ), a'db’ = 0.
e Define accordingly the graded associative unital algebra I'* := '®4/S", with induced product A.

e [* is a differential calculus over A.

Theorem

Let (Q°, A, 5) be any differential calculus on A such that Q' =T and H|A~: d. There exists a surjective
morphism I'* — Q° of differential graded algebras. In particular, (Q°, A, d) is a quotient of (I*, A, d).
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Definition

A first order differential calculus (T, d) on a right H-comodule algebra (A, Ax) is called right

H-covariant if T is a right H-covariant A-bimodule with right H-coaction Ar : I — ' ® H such that the
differential d : A — I is right H-colinear:

Arod=(d®id) o Aa.

Similarly for left H-covariant and H-bicovariant calculi.

Theorem (Woronowicz '89)

There is a bijective correspondence
{left-covariant FODCi on H} <= {right ideals C kere}.

The calculus is bicovariant if and only if the corresponding ideal | C ker € is Ad—invariant, where
Ad(h) = h, ® S(h1)hs.
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Quantum homogeneous spaces

e Let A and H be Hopf algebras and let w: A — H be a Hopf algebra surjection.

e We can view A as a right H-comodule algebra with right H-coaction

Ap: (idA(X)ﬂ')OAZ A= ARQH.

e The space of coinvariant elements under the coaction A4 is defined by

B:=A"={ac A As(a)=a®1}.

e The space B is a right coideal subalgebra of A.

Definition
Let B as above. We say that B is a quantum homogeneous space if A is faithfully flat as a right
B-module.
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e Let g be a complex semisimple Lie algebra of rank £ and let G be the corresponding compact,
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e Let S C I be a subset of the simple roots of g, and consider the Hopf subalgebra U,(¢s) C Uq(g)

given by
Ug(ls) == (K B Fili=1,..., L, jES).

Definition
We define the quantum flag manifold O4(G/Ls) as the subalgebra

O4(G/Ls) := {b € Og(G) | X b b = e(X)b, ¥X € Uq(fs)} .

of Ug(€s)-invariant elements of O,4(G).

e Quantum flag manifolds are examples of quantum homogeneous spaces.
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Covariant FODCs on quantum homogeneous spaces

e Let B = A" be a quantum homogeneous space.
For any /| C B* := B nker(e), define Q'(B) := AOx B/I.
Q'(B) is a left A-covariant B-bimodule, with bimodule structure

b(a® [c])b' := baby ® [c by].

and left A-coaction
gl =A®id.

Let d: B — Q'(B) be the map defined as

d(b) := b1 ® [(b2)*].

Theorem (Hermisson, '02)

The pair (Q'(B), d) is a left A-covariant FODC on B. Moreover, every left A-covariant FODC on B is
of this form. We call VV* := B* /I the quantum cotangent space associated to Q*(B).
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Quantum tangent spaces

e Let A be a Hopf algebra, W a Hopf subalgebra of A° such that
B:="A={be Al bi(w, b)) =e(w)b, forall we W}

is a quantum homogeneous space of A.

e A quantum tangent space for B is a subspace T C B° such that T & C1 is a right coideal of B°
and T is a W-submodule under the right adjoint action.

e For any quantum tangent space T, a right B-ideal of B* is given by

I:={beB*|X(b)=0, forall X € T}

Theorem (Heckenberger—Kolb, '03)

There is a bijective correspondence between isomorphism classes of finite-dimensional tangent spaces
and finitely generated left A-covariant FODCi on B.
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Series O4(G) Crossed node 04(G/Ls)
Ay, oq(SUn+1) OO0 @ o—>0 Oq(Grn+1,m)
By | Og(Sping, ;) &—O- O O==0 04(Q2n+1)
Cn 04(Spy) OO O=@ Oy(Ly)

. O ®<g
Dn Oq(SPIHZn) Oq(QZn)
. O—0eee o<;
D, Oy (Spiny,,) 0y(8n)
Es O4(Es) o—o—g—o—o 0,(0P?)
Eq O4(E7) O—O—g—O—O—. O4(F)

e Heckenberger and Kolb shown (in '03) that quantised irreducible flag manifolds possess a
canonical g-deformed analogue of the de-Rham complex for the underlying varieties.
e Moreover, such calculi present a g-deformed Kahler geometry (O Buachalla '17).
e Question: do we have the same behaviour for the non-irreducible setting?
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The action of the braid group on Ugy(g)

o A breakthrough result of Lusztig was to show that there is an action of the braid group on Ug(g):

By — Endaig(Uq(g)).
si— T

Definition (Lusztig)

Let W be the Weyl group of g, wp the longest element of W, and w = w;, - - - w;, a choice of reduced
decomposition of wy. We consider

Eﬁr = Tfl 7_1'2 e 7_1',,1(E/‘r)’ FB, = Tfl 7_/'2 e 7_1',,1(Ffr)

and call them quantum root vectors of Uq(g), or Lusztig root vectors.

e \We can use the result of Lusztig to build tangent spaces and thus differential calculi.
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The non-irreducible setting: A-series full flags

e lLet wy be a fixed reduced decomposition of the longest element wy of the Weyl group of g.
e Not all choices of reduced decomposition of the longest element of the Weyl/braid group are
going to give a tangent space (in fact, most are not).
e Those reduced decomposition giving rise to a quantum tangent space define a Lusztig differential
calculus.
Fix now g = sl(n) and consider wp = (Sp—1...51) . .. (Sa—25+-1)Sn—1 as reduced decomposition of the
longest element of the Weyl group.

Theorem (0 Buachalla, R., Somberg, P. '23)

e The space spanned by the positive Lusztig's root vectors corresponding to wy Is a quantum
tangent space for Oq(SU(n)), whose restriction to the case of quantum grassmannians gives the
Heckenberger—Kolb quantum tangent space.

e The restriction of the maximal prolongation of the corresponding differential calculus to the full
flag manifold O4(F,) has classical dimension.
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The non-irreducible setting: a conjecture for the one crossed partial flags

e As a first goal we aim to extend the previous analysis to the non-irreducible quantum flag
manifolds associated with one crossed Dynkin diagrams in the B, C and D series.
e As a guiding example, take g = s0(8) with its D4 Dynkin diagram:

e The reduced expression Wy = $1535:545352515254535251 yields a quantum tangent space.

o For Oq(SO(8)/Ls) we obtain the corresponding tangent space via the Uq(£s)-action on Ex.

e The restriction of the Lusztig differential calculus to the irreducible Oq(SO(8)/Ls) flag replicates
the Heckenberger—Kolb calculus.

e The relations of the maximal prolongation of the induced first-order calculus are conjectured to
produce a g-deformed de-Rham complex on O4(SO(8)/Ls).

o A parallel analysis is currently underway for g = sp(4), with analogous partial results and
expectations.



