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Motivation: unconditionality of the Haar system (hn)n≥0
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Haar system is an unconditional basis

Theorem (Schauder 1927)

The sequence (hn)n≥0 is a basis of Lp, 1 ≤ p <∞: for any f ∈ Lp,

f =
∞∑
n=0

anhn (convergence in Lp)

for some unique coe�cients a0, a1, a2, . . ..

Theorem (Marcinkiewicz-Paley 1932)

For any 1 < p <∞ there is a �nite constant cp such that∥∥∥∥∥
N∑

n=0

εnanhn

∥∥∥∥∥
Lp

≤ cp

∥∥∥∥∥
N∑

n=0

anhn

∥∥∥∥∥
Lp

for any N, a0, a1, a2, . . . aN ∈ R and ε0, ε1, ε2, . . . , εN ∈ {−1, 1}.
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A related classical result

For an integrable f : T → C, consider the Fourier expansion

f (ζ) =
∑
n∈Z

f̂ (n)ζn.

Introduce the Hilbert transform on the circle by

Hf (ζ) =
∑
n∈Z

sgn n · f̂ (n)ζn.

Theorem (Riesz, 1926)

For any 1 < p <∞, we have ∥H∥Lp(T)→Lp(T) <∞.
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Martingales

· (M, τ) - von Neumann algebra with a normalized trace.

· Lp(M) - the associated Lp space, ∥x∥Lp(M) = (τ(|x |p))1/p.

· (Mn)n≥0 - �ltration: non-decreasing sequence of sub-algebras of M.

· (En)n≥0 - the corresponding conditional expectations.

· The sequence x = (xn)n≥0 ⊂ L1(M) is a martingale if

Enxn+1 = xn for all n ≥ 0.

· De�ne the associated di�erences

dx0 = x0, dxn = xn − xn−1, n ≥ 1 ↔ xN =
N∑

n=0

dxn.
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Martingale transforms

Let x = (xn)n≥0 and let v = (vn)n≥0 be a sequence of scalars.

The martingale transform of x by v is the martingale y = (yn)n≥0:

yN =
N∑

n=0

vndxn, N = 0, 1, 2, . . . .

Equivalently, we have dyn = vndxn for each n.

De�nition makes sense for predictable v : vn ∈ Mn−1 for all n.

To guarantee the integrability of y one typically assumes v ⊂ L∞(M).
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Lp bounds for martingale transforms

Theorem (Burkholder 1966, classical case)

For any 1 < p <∞ there is a �nite constant cp such that∥∥∥∥∥
N∑

n=0

vndxn

∥∥∥∥∥
p

≤ cp

∥∥∥∥∥
N∑

n=0

dxn

∥∥∥∥∥
p

, N = 0, 1, 2, . . . ,

if x ∈ Lp and the transforming sequence v is bounded by 1.

The above result implies the estimate for the Haar system and for

the Hilbert transform.

Motivates the introduction of UMD spaces.

Burkholder, 1984: optimal choice for cp is max{p − 1, (p − 1)−1}.
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Lp bounds for martingale transforms

Suppose that for each n, vn belongs to the commutant M′
n.

Theorem (Pisier-Xu 1997, noncommutative case)

For any 1 < p <∞ there is a �nite constant cp such that∥∥∥∥∥
N∑

n=0

vndxn

∥∥∥∥∥
Lp(M)

≤ cp

∥∥∥∥∥
N∑

n=0

dxn

∥∥∥∥∥
Lp(M)

, N = 0, 1, 2, . . . ,

if x ∈ Lp and the transforming sequence v is bounded by 1.

· Randrianantoanina, 2002: cp = O(p) as p → ∞ (optimal).

· Numerous extensions to other function spaces.

· Jiao, Sukochev, Zhou, 2019: a version for more general v .

· Jiao, O., Wu, 2018, 2019, 2020: di�erential subordination.

· Applications: Fourier multipliers, Stein inequalities, etc.
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The o�-diagonal, commutative case

Recall ∥∥∥∥∥
N∑

n=0

vndxn

∥∥∥∥∥
p

≤ cp

∥∥∥∥∥
N∑

n=0

dxn

∥∥∥∥∥
p

· sup
n

∥vn∥∞.

Let q, r > 1 and set 1
p = 1

q + 1
r .

Theorem (Gaª¡zka, O. 2023)

There is cp,q,r <∞ such that if x ∈ Lq and supn |vn| ∈ Lr ,∥∥∥∥∥
N∑

n=0

vndxn

∥∥∥∥∥
p

≤ cp,q,r

∥∥∥∥∥
N∑

n=0

dxn

∥∥∥∥∥
q

·
∥∥∥∥sup

n
|vn|
∥∥∥∥
r

, N = 0, 1, 2, . . .

We identi�ed optimal constants cp,q,r , studied weak-type bounds.
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Noncommutative maximal function(s)

What is the analogue of supn |vn|? Or ∥supn |vn|∥r?

Let V = (Vn)n≥0 be de�ned by V0 = |v0| and for n ≥ 1,

Vn =
(
V 2
n−1 +max{|vn|2 − V 2

n−1, 0}
)1/2

.

Lemma

· We have |vn|2 ≤ V 2
n ≤ V 2

n+1 for each n.

· If v is predictable, so is V .

· V 2 majorizes |v∗|2, |ℜv |2 and |ℑv |2.
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The o�-diagonal, noncommutative case

Theorem (O. 2025)

Suppose that x is a martingale bounded in Lq, v is a predictable

sequence bounded in Lr such that vn ∈ M′
n for each n. Then∥∥∥∥∥

N∑
n=0

vndxn

∥∥∥∥∥
Lp(M)

≤ cp,q,r

∥∥∥∥∥
N∑

n=0

dxn

∥∥∥∥∥
Lq(M)

·∥VN∥Lr (M) , N ≥ 0.

· If p > 2, then cp,q,r can be taken dependent on p only, and

cp,q,r = O(p) as p → ∞ (optimal).

· If q < 2, it can be taken dependent on q only and

cp,q,r = O((q − 1)−1) as q → 1+ (optimal).

· If p ≤ 2 ≤ q, then one can take cp,q,r = 1, which is sharp.
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A comment

Is the result related to fractional estimates? For the Haar system∥∥∥∥∥
N∑

n=0

2−ñαanhn

∥∥∥∥∥
p

≤ cp,q

∥∥∥∥∥
N∑

n=0

anhn

∥∥∥∥∥
q

,
1

q
=

1

p
+ α.

Probably not:

· Fractional operators map Lq to Lp with p > q.

· Fractional estimates require regular �ltrations (e.g. dyadic).

· Fractional estimates require a strong decay of v ∈ L∞.

In a sense, our result goes in the other direction.
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Application: Schur multipliers

Let Sp
N stand for the Schatten class equipped with the trace Tr.

Theorem

Let aj ∈ C with |a1| ≥ |a2| ≥ . . . ≥ |aN |. Then

m =


a1 a2 a3 . . . aN
a2 a2 a3 . . . aN
a3 a3 a3 . . . aN
. . . . . . . . . . . . . . .
aN aN aN . . . aN


is a Schur multiplier between Sq

N and Sp
N :

∥m ∗ x∥Sp
N
≤ cp,q,r∥x∥Sq

N

(
N∑

n=1

|an|r
)1/r

.
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Multipliers on group von Neumann algebras

· (G , e) - discrete group,

· the left regular representation λ : G → B(ℓ2(G )) given by

λ(g)δh = δgh.

· VN(G ) group von Neumann algebra with a standard trace τ .

· Any f ∈ VN(G ) has the (formal) Fourier expansion

f =
∑
g∈G

f̂ (g)λ(g).

· For any m : G → C, de�ne the Fourier multiplier

Tmf =
∑
g∈G

m(g)f̂ (g)λ(g).

· We have ∥Tm∥L2(G)→L2(G) = ∥m∥L∞ (trivial); other p?
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Multipliers on group von Neumann algebras

Assume that G is equipped with a conditionally negative length

function ψ : G → [0,∞):

ψ(e) = 0, ψ(g) = ψ(g−1) for all g ∈ G ,

and we have ∑
g ,h∈G

agah ψ(g
−1h) ≤ 0

holds for any sequence (ag )g∈G ⊂ C such that
∑

g∈G ag = 0.
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Multipliers on group von Neumann algebras

Let (au)u≥0 be a commutative process and consider the function

A(s) = s

∫ ∞

0

e−2usEaudu, s ≥ 0.

Theorem

Consider the symbol m(g) = A(ψ(g)). Then we have

∥Tm∥Lq(G)→Lp(G) ≤ cp,q,r

∥∥∥ sup
u≥0

|au|
∥∥∥
r
.
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II. Weighted maximal inequalities
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Maximal operators

Let D be the collection of dyadic subcubes of [0, 1)d .

For an integrable f : [0, 1)d → R, de�ne its maximal function

Mf (x) = sup

{ ∣∣∣∣−∫
Q
f

∣∣∣∣ : x ∈ Q, Q ∈ D
}
.

We have the sharp bounds

∥Mf ∥Lp,∞ ≤ ∥f ∥Lp , 1 ≤ p <∞,

∥Mf ∥Lp ≤
p

p − 1
∥f ∥Lp , 1 < p <∞,

∥Mf ∥Lp,∞ ≤ p

p − 1
∥f ∥Lp,∞ , 1 < p <∞.

Huge literature on the subject, numerous methods (interpolation,

covering lemmas, Bellman function approach, linearization,

combinatorial arguments, etc.)
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Weighted spaces

We will be interested in the weighted context.

For a weight w : [0, 1)d → R+ and f : [0, 1)d → R, let

∥f ∥Lp(w) =

(∫
[0,1)d

|f |pw

)1/p

, 1 ≤ p <∞.

For 1 < p <∞, w satis�es Muckenhoupt's condition Ap if

[w ]Ap := sup
Q∈D

(
−
∫
Q
w

)(
−
∫
Q
w1/(1−p)

)p−1

<∞.
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Two results

Theorem (Muckenhoupt '72)

Fix 1 < p <∞ and a weight w . Then ∥M∥Lp(w)→Lp(w) <∞ if and

only if w ∈ Ap.

Theorem (Buckley '93)

For 1 < p <∞ and w ∈ Ap, we have the estimate

∥M∥Lp(w)→Lp(w) ≤ cp[w ]
1/(p−1)
Ap

and the exponent 1/(p − 1) cannot be decreased.

Similar statements for other types of estimates (e.g., weak-type).

The results hold for general �ltrations, for other operators.

Motivation: regularity results for solutions of certain PDEs.
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Maximal inequalities for operator-valued functions

Let (M, τ) be a tracial von Neumann algebra.

What are the maximal estimates for M-valued functions?

For a measurable function f : [0, 1)d → M and 0 < p <∞, let

∥f ∥Lp =

(∫
[0,1)d

τ(|f (x)|p)dx

)1/p

.

However, the martingale maximal operator does not make sense:

sup

∣∣∣∣−∫
Q
f

∣∣∣∣ = ???.
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Noncommutative maximal estimate

Theorem (Junge '01)

Fix 1 < p <∞. For any f ∈ Lp+, there is a function a ∈ Lp+ with

−
∫
Q
f ≤ a(x) for all Q ∈ D and all x ∈ Q,

and

∥a∥Lp ≤ C

(
p

p − 1

)2

∥f ∥Lp

for some universal C .
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Weighted version

Fix a (standard, scalar) weight w ∈ Ap on [0, 1)d .

For 0 < p <∞, de�ne the weighted norms

∥f ∥Lpw =

(∫
[0,1)d

τ(|f (x)|p)w(x)dx

)1/p

.

Theorem (Gaªa�zka, Jiao, O., Wu '24)

Fix 1 < p <∞. For any weight w ∈ Ap and any f ∈ Lpw+, there is

a majorant a ∈ Lpw+ such that

∥a∥Lpw ≤ C

(
p

p − 1

)2

[w ]
1/(p−1)
Ap

∥f ∥Lpw .

The exponent 1/(p − 1) is the best possible.
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A dual version

Theorem

Let 1 < p <∞ and w ∈ Ap. For any sequence (an)n≥0 of functions

from [0, 1)d to M+ we have∥∥∥∥∥∥
∑
n≥0

En (an)

∥∥∥∥∥∥
Lpw

≲ p2[w ]Ap

∥∥∥∥∥∥
∑
n≥0

an

∥∥∥∥∥∥
Lpw

and the linear dependence on [w ]Ap is optimal.

Adam Os¦kowski Noncommutative martingales



Applications

· Maximal inequalities on metric spaces;

· Ergodic theorems, concerning the action of amenable groups on

noncommutative Lp spaces (in the spirit of Hong, Liao and Wang

2021);

· Weighted inequalities for some classes of maximal singular

integrals.
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The last slide...

Thank you for your attention!
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