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Martingales

· (M, τ) - von Neumann algebra with a normalized trace.

· Lp(M) - the associated Lp space, ∥x∥p = (τ(|x |p))1/p.

· (Mn)n≥0 - �ltration: non-decreasing sequence of sub-algebras of M.

· (En)n≥0 - the corresponding conditional expectations.

· The sequence x = (xn)n≥0 ⊂ L1(M) is a martingale if

Enxn+1 = xn for all n ≥ 0.

· De�ne the associate di�erences

dx0 = x0, dxn = xn − xn−1, n ≥ 1 ↔ xN =
N∑

n=0

dxn.
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General question

Let x = (xn)n≥0, y = (yn)n≥0 be two (Mn)n≥0-martingales.

Assume that x dominates y , where the domination is expressed in
terms of the di�erence sequences dx = (dxn)n≥0, dy = (dyn)n≥0.

Goal: Prove Lp and/or weak Lp estimates between x and y :

∥yn∥Lp(M) ≲p ∥xn∥Lp(M), ∥yn∥Lp,∞(M) ≲p ∥xn∥Lp(M),

for n = 0, 1, 2, . . . and 1 ≤ p ≤ ∞.

In the classical case, such results apply in harmonic analysis, in the
study of boundedness of some classes of Fourier multipliers (e.g.,
for Hilbert and Riesz transforms).

What about the noncommutative context?
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Example: martingale transforms

Suppose that dyn = vndxn, where for each n, vn belongs to
Mn−1 ∩M′

n and satis�es ∥vn∥L∞ ≤ 1.

Theorem (Burkholder 1966, classical case)

For any 1 < p <∞ there is a �nite constant cp such that

∥yn∥p ≤ cp ∥xn∥p , n = 0, 1, 2, . . . .

Theorem (Pisier-Xu 1997, noncommutative case)

For any 1 < p <∞ there is a �nite constant cp such that

∥yn∥Lp(M) ≤ cp ∥xn∥Lp(M) , n = 0, 1, 2, . . . .

Analogous weak-type bounds for p = 1.
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Another example: di�erential subordination

De�nition (classical)

A martingale y is di�erentially subordinate to x , if

|dyn| ≤ |dxn|, n = 0, 1, 2, . . . .

Theorem (Burkholder 1984)

Suppose that x = (xn)n≥0, y = (yn)n≥0 are martingales such that y
is di�erentially subordinate to x . Then for 1 < p <∞,

||yn||p ≤ Cp2

p − 1
||xn||p, n = 0, 1, 2, . . .

for some universal constant C . Furthermore,

||yn||1,∞ ≤ c ||xn||1, n = 0, 1, 2, . . . .
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Another example: di�erential subordination

From now on, assume that the martingales are self-adjoint.

De�nition (noncommutative: Jiao, O., Wu '18)

A martingale y is di�erentially subordinate to x , if

dy2n ≤ dx2n , n = 0, 1, 2, . . . .

Theorem (Jiao, O., Wu '18)

Let 2 ≤ p <∞. Suppose that x = (xn)n≥0, y = (yn)n≥0 are

martingales such that y is di�erentially subordinate to x . Then

||yn||Lp(M) ≤ Cp||xn||Lp(M), n = 0, 1, 2, . . . ,

for some universal C . For 1 < p < 2, the inequality fails to hold.
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Another example: di�erential subordination

De�nition (noncommutative: Jiao, O., Wu '18)

A martingale y is strongly di�erentially subordinate to x , if for any
n and any projection R ∈ Mn−1, we have

RdynRdynR ≤ RdxnRdxnR.

Theorem (Jiao, O., Wu '18)
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Tangent martingales/weak domination

De�nition (classical)

Martingales x = (xn)n≥0, y = (yn)n≥0 are said to be tangent, if for
any n and any function φ : R → R we have

En−1φ(dyn) = En−1φ(dxn).

De�nition (classical)

A martingale y = (yn)n≥0 is weakly dominated by x = (xn)n≥0, if
for any n and any increasing convex function φ : R+ → R we have

En−1φ(|dyn|) ≤ En−1φ(|dxn|).

Di�erential subordination ⇒ weak domination.

Tangency ⇒ weak domination.
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Tangent martingales/weak domination

Theorem (classical: O. 2004)

Suppose that y is weakly dominated by x . Then

∥yn∥1,∞ ≤ 3∥xn∥1, n = 0, 1, 2, . . . ,

and for 1 < p <∞,

∥yn∥p ≤ Cp2

p − 1
∥xn∥p, n = 0, 1, 2, . . . .

Actually, it su�ces to assume En−1φ(|dyn|) ≤ En−1φ(|dxn|) for:

· p ≥ 2: φ(x) = x2 and φ(x) = xp;

· p < 2: φ(x) = ψ(λx), λ > 0; for some ψ(x) ∼ min{x2, xp}.
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Noncommutative weak domination

Theorem (Jiao, O., Wu, 2019)

Suppose that for any n,

En−1(dy
2
n ) ≤ En−1(dx

2
n ), En−1(dy

p
n ) ≤ En−1(dx

p
n ).

Then for p ≥ 2 we have ∥yn∥Lp(M) ≤ Cp∥xn∥Lp(M), n = 0, 1, 2, . . . .

Theorem (Jiao, O., Wu, Zuo 2023)

Suppose that for any n, any projection R ∈ Mn−1 and any λ > 0,

En−1φ(λRdynR) ≤ En−1φ(λRdxnR),

where φ(x) = min{x2, xp}. Then for 1 < p < 2,

∥yn∥Lp(M) ≤
C

p − 1
∥xn∥Lp(M), n = 0, 1, 2, . . . .
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Application: free Hilbert transform

Let G = Fq be the free group of q generators g1, g2, . . ., gq.

Following Pisier, Biane, Ozawa, Mei�Ricard, . . . we let

f =
∑
g∈G

f̂ (g)λ(g) → Hf =
∑
g∈G

ε(g)f̂ (g)λ(g),

where ε is the sign function given by

ε(g) =

{
ε+j if g starts with gj ,

ε−j if g starts with g−1
j ,

and ε(e) = 0. Here ε±j are arbitrary signs.

Theorem

For p ≥ 2 we have

∥H∥Lp(Fq)→Lp(Fq) ≤ Cp log p.
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Where are the martingales? (commutative)

Suppose we want ∥HTf ∥Lp(T) ≤ cp∥f ∥Lp(T).

The pair (f ,HTf ) can be �lifted� to some pair (X ,Y ) of
martingales satisfying the di�erential subordination.

If u = P[f ], v = P
[
HTf

]
are the Poisson extensions of f and HTf

to the unit disc, then u, v enjoy C-R equations and v(0) = 0.

Let ξ = (ξt)t≥0 be the planar Brownian motion, stopped on T.

Then Xt = u(ξt), Yt = v(ξt), t ≥ 0, are martingales.

C-R equations ⇒ di�erential subordination.

Martingale Lp estimate ⇒ Lp bound for HT.
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martingales satisfying the di�erential subordination.

If u = P[f ], v = P
[
HTf

]
are the Poisson extensions of f and HTf

to the unit disc, then u, v enjoy C-R equations and v(0) = 0.

Let ξ = (ξt)t≥0 be the planar Brownian motion, stopped on T.

Then Xt = u(ξt), Yt = v(ξt), t ≥ 0, are martingales.
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Where are the martingales? (noncommutative)

In the noncommutative case one proceeds similarly.

We consider the larger vNA N = L∞(Ω,P)⋊ VN(G ).

Given f =
∑

f̂ (g)λ(g) and Hf =
∑
ε(g)f̂ (g)λ(g), we let

Xt ∼ ξt ⋊ f , Yt ∼ ζt ⋊Hf ,

for some commutative martingales ξ, ζ.

It remains to check that Y is dominated by X .

Adam Os¦kowski Noncommutative martingales



Where are the martingales? (noncommutative)

In the noncommutative case one proceeds similarly.

We consider the larger vNA N = L∞(Ω,P)⋊ VN(G ).

Given f =
∑

f̂ (g)λ(g) and Hf =
∑
ε(g)f̂ (g)λ(g), we let

Xt ∼ ξt ⋊ f , Yt ∼ ζt ⋊Hf ,

for some commutative martingales ξ, ζ.

It remains to check that Y is dominated by X .

Adam Os¦kowski Noncommutative martingales



Where are the martingales? (noncommutative)

In the noncommutative case one proceeds similarly.

We consider the larger vNA N = L∞(Ω,P)⋊ VN(G ).

Given f =
∑

f̂ (g)λ(g) and Hf =
∑
ε(g)f̂ (g)λ(g), we let

Xt ∼ ξt ⋊ f , Yt ∼ ζt ⋊Hf ,

for some commutative martingales ξ, ζ.

It remains to check that Y is dominated by X .

Adam Os¦kowski Noncommutative martingales



Where are the martingales? (noncommutative)

In the noncommutative case one proceeds similarly.

We consider the larger vNA N = L∞(Ω,P)⋊ VN(G ).

Given f =
∑

f̂ (g)λ(g) and Hf =
∑
ε(g)f̂ (g)λ(g), we let

Xt ∼ ξt ⋊ f , Yt ∼ ζt ⋊Hf ,

for some commutative martingales ξ, ζ.

It remains to check that Y is dominated by X .

Adam Os¦kowski Noncommutative martingales



Application: Hilbert transform on a quantum torus

· Let d ≥ 2 be a �xed dimension and let θ = (θkj)1≤j ,k≤d be a real
skew-symmetric d × d matrix.

· d-dimensional noncommutative torus Aθ: the universal C
∗-algebra

generated by the collection of d unitary operators U1, U2, . . ., Ud

which satisfy the commutation relation

UkUj = e2πiθkjUjUk , j , k = 1, 2, . . . , d .

· for any polynomial

x =
∑
m∈Zd

αmU
m, αm ∈ C,

we de�ne τ(x) = α0: it extends to a faithful tracial state on Aθ.

· quantum torus Td
θ : the w∗-closure of Aθ in the GNS

representation of τ .
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Application: Hilbert transform on a quantum torus

For a given nonzero vector a ∈ Rd , we de�ne the Hilbert transform
in the direction a by the formula

Ha

(∑
m

αmU
m

)
=
∑
m

sgn⟨m, a⟩αmU
m,

where ⟨·, ·⟩ denotes the usual scalar product in Rd .

Theorem (Chen, Xu, Yin 2013)

For 1 < p <∞ we have

∥Ha∥Lp(Td
θ)→Lp(Td

θ)
≤ Cp2

p − 1
.

Theorem (Jiao, O., Wu, Zuo 2023)

We have

∥Ha∥L1(Td
θ)→L1,∞(Td

θ)
<∞.

Adam Os¦kowski Noncommutative martingales



Application: Hilbert transform on a quantum torus

For a given nonzero vector a ∈ Rd , we de�ne the Hilbert transform
in the direction a by the formula

Ha

(∑
m

αmU
m

)
=
∑
m

sgn⟨m, a⟩αmU
m,

where ⟨·, ·⟩ denotes the usual scalar product in Rd .

Theorem (Chen, Xu, Yin 2013)

For 1 < p <∞ we have

∥Ha∥Lp(Td
θ)→Lp(Td

θ)
≤ Cp2

p − 1
.

Theorem (Jiao, O., Wu, Zuo 2023)

We have

∥Ha∥L1(Td
θ)→L1,∞(Td

θ)
<∞.

Adam Os¦kowski Noncommutative martingales



Application: Hilbert transform on a quantum torus

For a given nonzero vector a ∈ Rd , we de�ne the Hilbert transform
in the direction a by the formula

Ha

(∑
m

αmU
m

)
=
∑
m

sgn⟨m, a⟩αmU
m,

where ⟨·, ·⟩ denotes the usual scalar product in Rd .

Theorem (Chen, Xu, Yin 2013)

For 1 < p <∞ we have

∥Ha∥Lp(Td
θ)→Lp(Td

θ)
≤ Cp2

p − 1
.

Theorem (Jiao, O., Wu, Zuo 2023)

We have

∥Ha∥L1(Td
θ)→L1,∞(Td

θ)
<∞.

Adam Os¦kowski Noncommutative martingales



II. Weak L∞ estimates for martingales
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Marcinkiewicz interpolation theorem

Theorem

Let T be a sublinear operator de�ned on simple functions f on a

measure space (X , µ), taking values in measurable functions on

(Y , ν). Let 1 ≤ p0 < p1 <∞. Suppose that

T is of weak type (p0, p0) with constant A0;

T is of weak type (p1, p1) with constant A1;

Then for every p ∈ (p0, p1), T is of strong type (p, p), i.e.,

∥Tf ∥Lp(Y ) ≤ Cp∥f ∥Lp(X ),

where Cp depends only on p0, p1, p,A0,A1, and not on f .

This works for p1 = ∞ as well, but then Lp1,∞ = L∞.

Is there any variant of a weak-L∞ space?
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Weak L∞

For a measurable operator x , we de�ne its distributional function by

λ(s, x) = τ(χ(s,∞)(|x |)), s > 0,

and the associated generalized singular numbers are

µ(t, x) = inf
{
s > 0 : λ(s, x) ≤ t

}
, t > 0.

Motivated by Bennett, DeVore and Sharpley (1981), we let

wL∞(M) =

{
x : ∥x∥wL∞(M) = sup

t>0

(1
t

∫ t

0

µ(s, x)ds−µ(t, x)
)
<∞

}
.

We have wL∞(M) ⊃ M; wL∞(M) is not a linear space.
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Interpolation theorem

Theorem (Bennett, DeVore, Sharpley 1981; Jiao, O., Wu, Zuo
2025)

Fix 1 ≤ p0 <∞. Suppose that T is a sublinear operator such that

for any projection e with τ(e) <∞ we have

∥Te∥Lp0,∞(M) ≤ ∥e∥Lp0 (M) and ∥Te∥wL∞(M) ≤ ∥e∥L∞(M).

Then for any p0 < p <∞ and any simple operator f ,

∥Tf ∥Lp(M) ≤
Cp2

p − p0
∥f ∥Lp(M),

for some universal constant C . Furthermore, if T is linear, then T
can be uniquely extended to a bounded linear operator on Lp(M).
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Martingale BMO spaces

We de�ne the martingale column BMO space

BMOc(M)

=
{
x ∈ L2(M) : ∥x∥BMOc (M) = sup

n≥0

∥∥En(|x − En−1(x)|2)
∥∥1/2
∞ <∞

}
.

The associated row space

BMOr (M) =
{
x ∈ L2(M) : ∥x∥BMOr (M) = ∥x∗∥BMOc (M) <∞

}
.

The two-sided BMO class: BMO(M) = BMOc(M) ∩ BMOr (M),
equipped with the norm

∥x∥BMO(M) = max
{
∥x∥BMOc (M), ∥x∥BMOr (M)

}
.
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wL∞ − BMO estimates

Theorem (Jiao, O., Wu, Zuo 2025)

For any x ∈ BMO(M), we have

∥x∥wL∞(M) ≤ 16∥x∥BMO(M)

and

∥µ(·, x)∥BMO(R+) ≤ 64∥x∥BMO(M).
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Idea of proof

Key distributional estimate.

Theorem

Let x = (xn)
N
n=0 be a �nite self-adjoint martingale with

∥xN∥BMO(M) ≤ 1. Then for α > 0 we have

τ
(
|xN |χ(α,∞)(|xN |)

)
≤ (α+ 16)τ

(
χ(α,∞)(|xN |)

)
.

Proof: Cuculescu projections and manipulations.
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Application: Stein inequality

Theorem (Pisier-Xu 1997, Randrianantoanina 2002)

For 1 < p <∞ and a �nite sequence (an)n≥0 in Lp(M),∥∥∥(∑
n≥0

|En(an)|2
)1/2∥∥∥

Lp(M)
≤ Cp

∥∥∥(∑
n≥0

|an|2
)1/2∥∥∥

Lp(M)
.

Theorem (Jiao, O., Wu, Zuo)

For a �nite sequence (an)n≥0 of operators in L1(M),∥∥∥(∑
n≥0

|En(an)|2
)1/2∥∥∥

wL∞(M)
≤ 32

∥∥∥(∑
n≥0

|an|2
)1/2∥∥∥

L∞(M)
,

∥∥∥µ(·,(∑
n≥0

|En(an)|2
)1/2)∥∥∥

BMO(R+)
≤ 128

∥∥∥(∑
n≥0

|an|2
)1/2∥∥∥

L∞(M)
.
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Application: wL∞ estimate for operator-valued functions

For an operator-valued function f : Rd → M, let

∥f ∥BMOc (Rd ,M) = sup
Q⊂Rd

∥∥∥( 1

|Q|

∫
Q
|f − fQ |2

)1/2∥∥∥
L∞(M)

.

Theorem (Jiao, O., Wu, Zuo)

For any operator-valued function f ∈ BMO(Rd ,M) satisfying

∥ 1
|Q|
∫
Q f ∥L∞(M) → 0 as |Q| → ∞, we have

∥f ∥wL∞(Rd ,M) ≤ Cd∥f ∥BMO(Rd ,M).

and

∥µ(·, f )∥BMO(R+) ≤ Cd∥f ∥BMO(Rd ,M),

for some universal constant Cd depending on the dimension only.
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The last slide...

Thank you for your attention!
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