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• Asymptotically-flat spacetimes allow to idealize isolated gravitating systems in GR
• They played a key role in the conceptual and physical understanding of gravitational radiation

[Ashtekar, Bondi, Geroch, Hansen, Metzner, Newman, Penrose, Sachs, Trautman, van der Burg, . . . ]
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• Radiative asymptotically-flat spacetimes have very interesting properties

- memory effects [Blanchet, Christodoulou, Damour, Polnarev, Thorne, Zel’dovich]

- asymptotic symmetries [Bondi, Metzner, Sachs, van der Burg]

- link with the S-matrix and soft theorems [Weinberg, Low]
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IR physics

• All these aspects are connected through the so-called infrared triangle [Strominger et al.]
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• Radiative asymptotically-flat spacetimes have very interesting properties

- memory effects
[Marc Favata]

What is the gravitational-wave memory? 
example: nonlinear memory from binary black-hole mergers 

The	wave	no	longer	returns	to	the	zero-point	of	its	oscilla>on.	
This	growing-offset	is	called	the	memory.	

Gravita+onal-wave	signal	vs.	+me	

6 / 26

• Asymptotically-flat spacetimes allow to idealize isolated gravitating systems in GR
• They played a key role in the conceptual and physical understanding of gravitational radiation

[Ashtekar, Bondi, Geroch, Hansen, Metzner, Newman, Penrose, Sachs, Trautman, van der Burg, . . . ]

• Radiative asymptotically-flat spacetimes have very interesting properties: infrared triangle

- memory effects [Blanchet, Christodoulou, Damour, Polnarev, Thorne, Zel’dovich]

- ∞-dimensional asymptotic symmetries [Bondi, Metzner, Sachs, van der Burg]

- link with the S-matrix and soft theorems [Weinberg, Low]

1 / 10



Motivations

Asymptotically-flat spacetimes

• Radiative asymptotically-flat spacetimes have very interesting properties

- memory effects [Blanchet, Christodoulou, Damour, Polnarev, Thorne, Zel’dovich]

- asymptotic symmetries [Bondi, Metzner, Sachs, van der Burg]

- link with the S-matrix and soft theorems [Weinberg, Low]

9
>>=
>>;

IR physics

• All these aspects are connected through the so-called infrared triangle [Strominger et al.]

9 / 26

Asymptotically-flat spacetimes

<latexit sha1_base64="C758iciU4nzh4OMrd5yHqOWbHQA="></latexit>celestial
<latexit sha1_base64="kGdjfm2Lb/c1uQe3Gz+59qo+htw="></latexit>u0

<latexit sha1_base64="Bh3OXNj3wrgABC64U7xw4IuJCM0="></latexit>u1 =
<latexit sha1_base64="22uFCR94zMvb9lX9u5mMnfGHpb4="></latexit>

+ T (�)<latexit sha1_base64="kGdjfm2Lb/c1uQe3Gz+59qo+htw="></latexit>u0

• Radiative asymptotically-flat spacetimes have very interesting properties

- memory effects [Blanchet, Christodoulou, Damour, Polnarev, Thorne, Zel’dovich]

- asymptotic symmetries [Bondi, Metzner, Sachs, van der Burg]

7 / 26

Asymptotically-flat spacetimes

<latexit sha1_base64="ILJCiZ9A6S+pviYssTrv1u5W/n0="></latexit>radiation

• Radiative asymptotically-flat spacetimes have very interesting properties

- memory effects
[Marc Favata]

What is the gravitational-wave memory? 
example: nonlinear memory from binary black-hole mergers 

The	wave	no	longer	returns	to	the	zero-point	of	its	oscilla>on.	
This	growing-offset	is	called	the	memory.	

Gravita+onal-wave	signal	vs.	+me	

6 / 26

• Asymptotically-flat spacetimes allow to idealize isolated gravitating systems in GR
• They played a key role in the conceptual and physical understanding of gravitational radiation

[Ashtekar, Bondi, Geroch, Hansen, Metzner, Newman, Penrose, Sachs, Trautman, van der Burg, . . . ]

• Radiative asymptotically-flat spacetimes have very interesting properties: infrared triangle

- memory effects [Blanchet, Christodoulou, Damour, Polnarev, Thorne, Zel’dovich]

- ∞-dimensional asymptotic symmetries [Bondi, Metzner, Sachs, van der Burg]

- link with the S-matrix and soft theorems [Weinberg, Low]

• There is now evidence that subleading triangles also exist [Barnich, Cachazo, Campiglia, Compère,
Conde, Fiorucci, Freidel, Laddha, Mao, Pasterski, Ruzziconi, Strominger, Troessaert, Zhiboedov, . . . ]

• What is the classical (geometric, algebraic) structure underlying flat space holography?
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Asymptotically-flat spacetimes
Bondi parametrization [Bondi, van der Burg, Metzner, Sachs, Tamburino, Winicour, . . . ]

• It is very convenient to work with an explicit choice of gauge and coordinates

• In particular, one can choose coordinates xµ = (u, r, xa) such that

- ∂µu is null ⇒ guu = 0

- ∂µxa is constant along the null rays ⇒ gua = 0

• This implies grr = 0 = gra and the resulting line element is in the Bondi form

ds2 = −UWdu2 − 2Wdudr + γab(dx
a −Xadu)(dxb −Xbdu)

• This partial gauge is enough to solve the Λ ̸= 0 Einstein equations if one chooses fall-offs and

γab = r2qab + rCab +Dab +

∞∑

n=1

E
(n)
ab

rn

• The Einstein equations are organized into a so-called Bondi hierarchy

- radial equations (determine the r behavior of U,W,Xa up to integration constants)

- evolution equations (e.g. the Bondi–Trautman mass loss)

- trivial equations (from the Bianchi identities)
• Near I+, a lot of precious information can be extracted

- asymptotic symmetries, transformation laws, charges and their algebra, . . .

- flux-balance laws, memory effects, . . .

- link with numerical relativity, waveforms, . . .
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Asymptotically-flat spacetimes
Generalizations and alternatives

• Within the Bondi formalism, one can choose different radial coordinates, e.g.

- Bondi–Sachs gauge: det(γab)= r4 det(qab) and r is the areal distance

- Newman–Unti gauge: gur = −1 and r is the affine parameter for ℓ = ∂r

• One can also relax various conditions, e.g. allow for
- arbitrary qab (to go from BMS to GBMS or BMSW) [Barnich, Campiglia, Flanagan, Freidel,

Laddha, Nichols, Oliveri, Pranzetti, Speziale, Trossaert, . . . ]

- ∂uqab ̸= 0 (useful for Robinson–Trautman and (A)dS radiation) [Adami, Barnich, Ciambelli,
Compère, Hoque, Kutluk, Pavizi, Petkou, Petropoulos, Seraj, Sheikh-Jabbari, Siampos, Taghiloo, . . . ]

- log(r) terms and violations of peeling [Bieri, Chruściel, Christodoulou, Damour, MacCallum,
Friedrich, Gajic, MG, Kehrberger, Kroon, Laddha, Masaood, Singleton, Winicour, Zwikel, . . . ]

- further integration constants, e.g. Xa
0 (useful for (A)dS radiation or shockwaves)

[Bonga, Bunster, MG, He, McNees, Perez, Raclariu, Zurek, Zwikel, . . . ]

• One can also consider

- asymptotically-FLRW spacetimes [Bonga, Enriquez-Rojo, Heckelbacher, Oliveri, Prabhu, . . . ]

- Starobinski–Fefferman–Graham gauge [Pool, Skenderis, Taylor, Compère, Fiorucci, Ruzziconi]

- de Donder (harmonic) gauge for computations near the source (e.g. MPMPN formalism)
[Blanchet, Compère, Faye, Oliveri, Seraj]

• The mapping between gauges is subtle due to the field-dependency of the diffeomorphism, e.g.
[Compère, Long] [Ciambelli, MG]

ξ̃µ = Jµ
α

(
ξα + δξx

α
)
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[Blanchet, Compère, Faye, Oliveri, Seraj]

• The mapping between gauges is subtle due to the field-dependency of the diffeomorphism, e.g.
[Compère, Long] [Ciambelli, MG]

ξ̃µ = Jµ
α

(
ξα + δξx

α
)
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Asymptotically-flat spacetimes

An inconvenience of the Bondi gauge

• Kerr metric has grr ̸= 0 in Boyer–Lindquist or gra ̸= 0 in Eddington–Finkelstein coordinates
• Bringing it in Bondi form introduces an infinite 1/r expansion [Fetcher, Lun] [Hoque, Virmani]

• Same issue with e.g. supertranslated Schwarzschild [Compère, Long] (more on that later)
• When using the “Bondi tetrad” (ℓ, n,m, m̄)

ℓ = ∂r n = W∂u + U∂r +Xa∂a m = ω∂r +ma∂a

to build the Newman–Penrose (NP) formalism, we get

- Ψ1 ̸= 0 contains the angular momentum

- Ψ0 ̸= 0 since Kerr has Cab ̸= 0 and subleading terms in Bondi gauge
• But the principal null directions of Kerr have twist and do not generate null hypersurfaces!
• Kerr is type D algebraically special, so with a PND aligned tetrad we have Ψ0 = Ψ1 = 0

• This motivates us to introduce the twist, i.e. Im(ρ) ̸= 0

• This means merging Bondi with [Chandrasekhar] [Stephani, Kramer, MacCallum, Hoenselaers, Herlt]

ρ = mµm̄α∇αℓµ

σ = mµmα∇αℓµ
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Twisting asymptotically-flat spacetimes

Introducing the twist
• The twist is sourced by gra = La ̸= 0 in the Bondi metric
• Such terms in the Bondi metric have appeared recently in

- 3d derivative expansion [Ciambelli, Marteau, Petropoulos, Ruzziconi]

- 4d covariant Newman–Unti [Campoleoni, Delfante, Pekar, Petropoulos, Rivera-Betancour, Vilatte]

- 4d Carroll covariant Bondi–Sachs gauge [Hartong, Have, Nenmeli, Oling]

• The motivation of these works was to restore Carroll covariance on I+ and define an EMT
• Our goal: Bondi hierarchy, NP formalism, metric, symmetries, charges, flux-balance laws, . . .

Strategy
• Blindly turning on gra = La ̸= 0 leads to entangled Einstein equations: hard to solve
• Instead, one can start from the NP formalism with the tetrad

ℓ = ∂r n = W∂u + U∂r +Xa∂a m = L∂u + ω∂r +ma∂a

• The metric is (equivalent to)

gµν =



g2ur(2U +XaXa) (LaXa −W )−1 gurXa − guuLa

(LaXa −W )−1 0 −gurLa

gurXb − guuLb −gurLb γab + guuLaLb − 2gurX(aLb)




• Solving the Einstein equations in NP form is extremely efficient, but obscures a few things
- the nature of the gauge and no-log conditions, and the Bondi hierarchy of equations
- the extension of the “familiar” Bondi expressions to L ̸= 0
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Twisting asymptotically-flat spacetimes

Solution space in NP form
• One can always solve the NP equations with κ = ϵ = π = 0, so that ℓµ∇µe = 0

• The upshot is

Ψ0 =
Ψ0

0

r5
+

Ψ1
0

r6
+O(r−7)

Ψ1 =
Ψ0

1

r4
−

Ð̄Ψ0
0 + 4iΣΨ0

1

r5
+O(r−6)

Ψ2 =
Ψ0

2

r3
−

Ð̄Ψ0
1 + 3iΣΨ0

2

r4
+O(r−5)

Ψ3 =
Ψ0

3

r2
−

Ð̄Ψ0
2 + 2iΣΨ0

2

r3
+O(r−4)

Ψ4 =
Ψ0

4

r
−

Ð̄Ψ0
3 + iΣΨ0

4

r2
+O(r−3)
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ρ = −
1

r
+

iΣ

r2
+

Σ2 − σ2σ̄2

r3
−

iΣρ3

r4
+O(r−5)

σ =
σ2

r2
−

2σ2ρ3 +Ψ0
0

2r4
−

Ψ1
0

3r5
+O(r−6)

α =
α1

r
+

ᾱ1σ̄2 − iΣα1

r2
−

α1ρ3

r3
+O(r−4)

β = −
ᾱ1

r
−

α1σ2 + iΣᾱ1

r2
+

2ᾱ1ρ3 −Ψ0
1

2r3
+O(r−4)

τ =
τ1

r
−

σ2τ̄1 + iΣτ1

r2
−

2τ1ρ3 +Ψ0
1

2r3
+O(r−4)

λ =
λ1

r
−

σ̄2µ1 + iΣλ1

r2
+O(r−3)

µ =
µ1

r
−

σ2λ1 − iΣµ1 +Ψ0
2

r2
+O(r−3)

γ = γ0 +
ᾱ1τ̄1 − α1τ1

r
+

2α1σ2τ̄1 − 2ᾱ1σ̄2τ1 + 2iΣ(α1τ1 + ᾱ1τ̄1)−Ψ0
2

2r2
+O(r−3)

ν = ν0 −
λ1τ1 + µ1τ̄1 +Ψ0

3

r
+O(r−2)
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Twisting asymptotically-flat spacetimes

Solution space in NP form
• One can always solve the NP equations with κ = ϵ = π = 0, so that ℓµ∇µe = 0

• The upshot is

2iΣ = ÐL̄− Ð̄L

ρ3 = Σ2 − σ2σ̄2

α1 = −
1

2
Dam̄

a
1 − γ0L̄

τ1 = −
(
∂u + 2γ0

)
L

λ1 =
(
∂u + 2γ0

)
σ̄2 −

(
Ð̄ − τ̄1

)
τ̄1

µ1 = 2iΣγ0 − µR

µR = Ðα1 + Ð̄ᾱ1

γ0 =
1

4
∂u ln

√
q

ν0 = 2
(
Ð̄ − τ̄1

)
γ0

Ψ0
3 = −Ðλ1 + Ð̄µ1 + 2iΣν0

Ψ0
4 =

(
Ð̄ − τ̄1

)
ν0 −

(
∂u + 4γ0

)
λ1

Ψ0
2 − Ψ̄0

2 = λ̄1σ̄2 − λ1σ2 + Ð̄ω1 − Ðω̄1 + 2iΣ
(
U0 − µR

)
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Twisting asymptotically-flat spacetimes

Solution space in NP form
• One can always solve the NP equations with κ = ϵ = π = 0, so that ℓµ∇µe = 0
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W = 1−
2Re(Lτ̄1)

r
+

2Re
(
L(σ̄2τ1 − iΣτ̄1)

)

r2
+O(r−3)

U = −2γ0r +
(
Ð̄ − τ̄1
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τ1 + µ̄1 − i(∂u + 2γ0)Σ−

Re
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Ψ0

2 + 2τ1ω̄1

)

r
+O(r−2)
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2Re(ma

1 τ̄1)

r
+

2Re
(
ma

1(σ̄2τ1 − iΣτ̄1)
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r2
+

Re
(
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1(Ψ̄
0
1 + 6ρ3τ̄1)

)

3r3
+O(r−4)

Z =
L

r
+

iΣL− σ2L̄
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−

ρ3L

r3
+O(r−4)

ω =
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Ð − 2τ1
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Σ

r
+
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1

2r2
+O(r−3)

ma =
ma

1

r
+

iΣma
1 − σ2m̄a

1

r2
−

ρ3ma
1

r3
+

Ψ0
0m̄
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2

6r4
+O(r−5)
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Twisting asymptotically-flat spacetimes

Solution space in NP form
• One can always solve the NP equations with κ = ϵ = π = 0, so that ℓµ∇µe = 0

• The key features are that

- peeling is preserved

- the twist enters 2iΣ = ÐL̄− Ð̄L = i(Da + La∂u)L̃a and Im(ρ)= Σ

- the ð operator is replaced by Ð = ð− 2sγ0L+ L∂u

- we have kept γ0 = ∂u ln
√
q to include e.g. Robinson–Trautman

- when γ0 = 0 the 10 exactly conserved NP charges can be generalized

Solution space in metric form
• Even though gµν = eiµe

j
νηij , mapping everything to metric form is painful yet instructive

• The gauge fixing is complete, and the gauge conditions are

- grr = 0

- Re(ϵ)= 0, which implies the Newman–Unti gauge condition gur = −1

- κ = κ̄ = 0, which implies ∂rLa = 0

}
⇔ Γµ

rr = 0

• Explicit knowledge of the transverse metric γab with trace and no-log conditions
• Complete control over the Bondi hierarchy of Einstein equations (radial / evolution / trivial)
• Flux-balance laws in “familiar form”, e.g. when γ0 = 0 = ∂uL

∂uE = −
1

4
NabN

ab +
1

2
DaJ a E := M + complicated
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Twisting asymptotically-flat spacetimes
Asymptotic symmetries
• Following the usual construction (i.e. preserving the gauge and the fall-offs) we find

ξu = T + uW

f

+ La(ξ
a − Y a) ξr = rW +

∞∑

n=0

ξrn(Υ)

rn
ξa = Y a +

Υa

r
+

∞∑

n=2

ξan(Υ)

rn

• On top of BMSW, the new parameter Υa(u, xb) generates Carrollian boosts
• For the transformation laws, we find in particular

δξLa = (f∂u +£Y +W )La −Υa − ∂af

δξΨ
0
0 = (f∂u +£Y + 3W )Ψ0

0 + 4ΥΨ0
1

δξΨ
0
1 = (f∂u +£Y + 3W )Ψ0

1 + 3ΥΨ0
2 (∗)

Algebraically special solutions
• Algebraically special solutions have Ψ0 = Ψ1 = 0, and σ = 0 by the Goldberg–Sachs theorem
• Because of (∗), imposing these (physically constraining) conditions requires to set Υ = 0

• The asymptotic Killing vectors truncate and reduce to

ξu = T + uW ξr = rW ξa = Y a

• The solution space truncates as well!
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Twisting asymptotically-flat spacetimes
Algebraically special solution space
• The solution space in NP or metric form is finite in a (r + iΣ)−1 expansion

, e.g.

ρ = −
1

r + iΣ

Ψ2 =
Ψ0

2

(r + iΣ)3

Ψ3 =
Ψ0

3

(r + iΣ)2
+ · · ·+

Ψ2
3

(r + iΣ)4

Ψ4 =
Ψ0

4

(r + iΣ)1
+ · · ·+

Ψ4
4

(r + iΣ)5

• Everything can easily be inferred by reducing the algebraically general solution space
• At the end of the day, the solution space is controlled by

- time-dependent twist La(u, xb) and dyad (or celestial metric) ma(u, xb)

- the mass Re(Ψ0
2) subject to constraints and an evolution equation

• The shear σ (the shear of ℓ) and news λ (the shear of n) are replaced respectively by

σ → L λ → τ =

(
∂u + 2γ0

)
L

r + iΣ

• One can easily compute the charges for any such algebraically special solution
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Twisting asymptotically-flat spacetimes

Supertranslated Schwarzschild
• Simple example: finitely supertranslated Schwarzschild obtained by u 7→ u− C(xa)

ds2 = −
(
1−

2M

r

)
(du− dC)2−2(du− dC)dr + r2dΩ2

= −
(
1−

2M

r

)
du2 − 2du dr + r2dΩ2

+

[
2

(
1−

2M

r

)
du+ 2dr −

(
1−

2M

r

)
∂aCdxa

] (
∂aCdxa

)

• The supertranslation produces a gra ̸= 0, and therefore takes us out of the usual Bondi gauge
• The metric can be written in isotropic coordinates [Compère, Long]

• It also fits naturally in the twisting Bondi gauge

La = ∂aC

• The charges have a non-zero superrotation [Hawking, Perry, Strominger] [Compère, Long]

Q =

∮

S
dS2 (f + Y a∂aC)M

• This can also be done for e.g. supertranslated Kerr–Taub–NUT, where Σ = a cos θ − n

• NB: the tetrad can further be Lorentz transformed to the so-called Kinnersley tetrad (type D)
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• It also fits naturally in the twisting Bondi gauge

La = ∂aC

• The charges have a non-zero superrotation [Hawking, Perry, Strominger] [Compère, Long]

Q =

∮

S
dS2 (f + Y a∂aC)M

• This can also be done for e.g. supertranslated Kerr–Taub–NUT, where Σ = a cos θ − n

• NB: the tetrad can further be Lorentz transformed to the so-called Kinnersley tetrad (type D)
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Twisting asymptotically-flat spacetimes
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Conclusion and perspectives

What’s new
• Complete NP and metric characterization of the algebraically general solution space with twist
• Natural reduction to the algebraically special solutions
• 3d version with Λ ̸= 0 straightforward

Perspectives
• Study the various extensions mentioned previously (e.g. 4d Λ ̸= 0, logs, FLRW, matter, . . . )
• Near-horizon construction in the algebraically general case, link with isolated horizons
• Detailed study of the charges in the algebraically special case
• Bringing radiative solutions from harmonic gauge to Bondi with twist (simpler than [BCFOS]?)
• Useful for numerical relativity?
• Coordinate-free statements à la Geroch
• Subleading symmetries and w1+∞
• Interplay between asymptotic symmetries and Killing–Stäckel/Yano tensors, e.g. for type D

Kµν = 2(r2 +Σ2)ℓ(µnν) + r2gµν

Thanks for your attention!
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