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As 'Fov' NC extension, we fows

* NC instandons (to explain @2 @)
*NC KaV efs. & Quasideterminants (@)

F’ma"y, IWouIJ o(iSCuSS U.lnif'le.c! theones of
integrable systems in gauge theories:

- 4dim ASD Yong- Mills (YM) es. (wal\ n\c\ﬂon)
- 4dim Chern~Simons (CS) 'ﬂ\eory to KP 3.



Plan of Talk
31 Ttroduction (& min)

$2 NC integrable systems (7min)
$ 3 ADHM Gonstruction of insmwtg%\'g min)
§4 NC K4V ¢ 2 Quasideterminants (0.

85 ASDYM revisited (V.. KP) (lomin)
~ Towards Unification of In'te;mue. S‘ysfems



§2. NC Iniqmlsle Sys"l'ems
ASDYM 3. (in 4~lm G: gauge gp.)
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2 Flz"'Fu,ﬁs""FJ-z,F#""“Fz!
Noi'e Ay., F,w '[n[(e Va(ue In °J (Lie 4‘}-0": G J
ey G=UMN), Ax, R are NxN anti-hermitian .



Ward’s conjecture: Many (perhaps all?) integrable
equations are reductions of the ASDYM eqs.

Summarized in the book
ASDYM eq. is a master eq. !  of Mason&Woodhouse

ioluti(.)n Generati‘l‘l‘g‘g“ ASDYM Twistor Theory
echniques ...

.
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KP

sine-Gordon
gauge equiv. gauge equiv.

NLS pKdV ‘ Liouville
Boussinesq ‘ N-wave \ ‘ Tzitzeica
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Reduction 0 K4V from ASDYM (G=-'3‘L(2,(I)Sm
ASDYM : Faw=0,Fpa=0, fr-Rav =0
® ow- 3& =0, 3‘2”- 0 ((l'm. Muction)
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Reduction o NLS fiom ASDYM (G-5102c)
ASDYM : Rwz0,Fa=0, fe~fa=0
® ow- 3& =0, 3‘2”- 0 ((l'm. Muction)

1‘% ~pat2eth =0 : NS g Y
T @0 ae veal > Wb (++++) but (++~-)



(@ Howto sbtain NC theory from a com. theory?

(W NC field os. are lufs’ued. ‘flvn Commutedive
field es. ly nf[mmt of oll fmbwes

‘ 1 with Moydl r‘«"“&
fo* oo := fm C%K;A"}w
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[x® x], := xFe x’- X% xt = xtxs -%6"—(1‘3!"1.-)56’1):{(



§2. NC Init;mkle Sysfems i
NC ASDYM e (in 4dim., G: qauge gp.)

tFo = -Fo B dA-DAGIALA]
must-be kept
kv ell.2,3.4} even for &=Vl

o Fi<-Ff Fre~Fa, Fq<-Fa
Noi'e Ay., F,w '[u[(e Va(ue In °J (Lie 4|3.o": G J
ey G=UMN), Ax, R are NxN anti-hermitian .



Ward’s conjecture: Many (perhaps all?)
integrable eqgs are reductions of the

New physical objects

MH &K.Toda, PLA316
(03)77 [hepth/0211148]

ASDYM eqgs.

In gauge theory,

Application to string theory NC <» magnetic

Solution Generating

Techniques ....=**""
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ASDYM

Infinite ggphige group.:;

NC Twistor Theory,

fields

| Ward’s chiral‘

Symmarlized in [MH NPB\741(06) 368]
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: Today’,'ss talk | \
Kdv ‘ mKdV‘ ‘ sine-Gordon
i 3 gauge equiv. | gauge equiv.
e | pKav] | Liouville
‘ Boussinlesﬂ ‘ N-wave ‘ ‘ Tzitzeica




@
Reduction o KdV 'Fm:@ ASDYM (G=5L02,¢))
@ X +
NCASDYM . FRW"O:FQW‘ O:F}"HW':O
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Reduction LS fon ASDYM (6615,

NCASDYM : Fawz=0,Fiy= 0, B —Fs =
® -~ =0, =0 (dim. reduction)
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"NC B°3°"‘°""‘Ii ef. Bi=Di8 (WYL m)

° NC KP 62. ufb"‘uzxx‘l'uxu‘\‘uux‘l'&'u”

' NC Zakhalov system  (e=£1) Sasaasa
i% = Yoy ~c¥ & 5(FY-e3 (P9
* NC Po;oyavlenskii ~Ca|o]<h“ &“‘ﬁ 9.
Ue = Unng + WUy s Uy U+ Uy Sxlty + (FxUy) Uy
© NC Duug~Stewartson e, 3 (1.3 [w.5uy)
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* NC KaV . U= Uner + Uty + Uru
* NC Boussinesg. Uii= e + (u?)y - (4, ¥k,

+NC NLS &g, it = 4., - 249y

*NC mKaV ¢f. % = Viay ~ V10 - 00

Summal !Qc'L H he h/060 | 209
+ NC Sawada~ Kotera q. '"[H, ‘m:afh/OFO?“l:‘

Up + Usx + Uxixl + Uzx Ux + UUzY = ©
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§3 ADHM Construchion of Instanfons

Instawtons are 'rim"{‘bac’l‘ion Solutvons af ASDYM
o ®dim4 solitons in £~dim = instusctons

yin

ADHM Construction \S a Powevfu‘ "\Q‘l‘LoJ
To 3ive. any Instantons
LO«SQA on 1:1 CoW‘QSPonleﬂ(é! ‘R’(‘WQQ'\
instavton modul| p- &
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"G= U ADHM deda,
Bla= arl»c“tmry

I~ 31- 0
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G=U(2) 1 ~instowton

e A

' Lgts foke pso limit

small instandon Sihgu lay
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G=U(2) 1 -inshonton " G2 UQY ADHM dot

6 (B, BF) £+ 02, A + -
Voob apa N
I R A ¢ (>0)
N C lIJ =9
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D~ brane interpretation = kDo-ND4 BPS branes ™

"G= UG ADHM doda
B2 = arbitvary

™33 - 0

G=U(2) 1 ~nstoxton

BPS ncomli'l‘ion o5 “BPS condtion
ASDYM ADHA o
[Dociglas, hegrh/ 9512077 )

2N D4-~branes (Witnan, hep-h 9§ 1103o)



D~ brane interpretation = k]>0 ND4 BPS lones@

Nelewsor Scliwera (M D |98 %) &5

G2 U ADHM datq
B) R O.Y‘Lc‘i‘mry

G=U(2) 1 ~inshanton

q AD HM o
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84 NC KaV ess. 2 QuoSideterminants
NC Kovtewerclo. Vries (KaV) .

4‘ut + UXxx + 3((&*(&“-“,(*“ ) =2 O

Crunber = fio- 300 + %g’;’_ Wt a§+ OE)

[xk x], := xFe x’- X% xt = xtxs -;-_.e"'-(x‘! l"i-",:d"):ﬁd'



NCKaV €. has mf.‘vﬁte Gonseyved msiﬁ'es@:m

(proclucts are
$Ut + Usxx + 3(UUx ¢ UxU) = O { Moyl )

['L‘, X]: ‘(6
On = Cnef_. f" 36 ((,c«f.'t') 9 &;’ * ((oc'f..;t‘)% u:)
ol -1\‘ Ctvadhort s
W/ Z "‘,l x + U = o t Uz x + U3 0x + o tm\uc’t

~ Comm .
CO(f@tﬂ = &" ""@3@{‘ oves = L“) (V\onQSS'oC,>

this one  MDinakss MallerHismn hepth ooons)

. sunQSTS infim"le symme.'h'y (H"“V"J"(?é %;2%2

- Significance (s not clanfied hievarchies




Lax represe ntoation 9["3(1“{!( poromehey

{Lfao {L== o + U~ ¢
@ W

Mf=o0 M= dt+495+6U O+ 3Ux

- Compatible condition off @ [L,MIx0 S NC KV o

Dav‘)oux 'l‘vunsfono.'l-t'on L g fog = ) (fix)

frepare a special sof. of O : {M g o Ocfw
The {"'"Wliﬂ} Trf leaves O ositis:
Lew t‘*GoLG{‘ o - @
(D) {MHQ-GGMG;’ G..:ea,e';
f £ = Go f = dx- 8x 0



The Darboux tf (D) induces U= u+206 6")1?

n-iterations of (D) from a trivial seed sol.
& -+ O o i(a:“lk)ekz 9

9, - 0 o (3t'l~4333)8k= 0
un="2)3 : . ; ke {1,"',71}
o™ ... Qt‘i’ L devivative
™ . g» @ (bingef~Gebfand-Retokh, ol 320 ]
| [Gilson~Nimmo, nliu ST/ o?olox)‘f of
Quasideterminant
Py N ]
A Bl [ phup  Sommubotive fimit
¢ [ = 4-CA'B d:ix1 1Al

(Schur comp[e meut)



The Darboux § (D) induces U= u+206 6"}?
n-iterations of (D) from a trivial seed sol.

T (x~)) 6= o
ﬁal ) {
0 - :, Z (3t+423:)0.= o
TR PN | I ke 1t,~.n}
g .. Qﬁf
ot'l) T enm) @
Tn'fcn



Quasideterminant

* Nt just o NC generlization

. But vather relates to inverse matrix
Def (Gelfamd~Retakh, 1991}

X oo Xin :‘° ,:)
. dek




Exmplgs (recursivel y obtained )

m=]) Xy = X

, A B\, - [(A-BBcS' (¢-DBA)’
Rt %2 (¢ )% X"+ (o o-crny)

[Nm rynu.i IXI.:" = , E}B,U

n=2) @ p ¢
K21




[Nm q.lx(: IXI.J- = ' E}ﬂ”@

n=s]) [Xly = Xu

Racall : X = (A R) ? x",((A~BIS'c)" (C-DBA)")

c (B-AC'DY (D-CA"B).'
n=2) @ Xa| o Xy~ Xiz X2 Xz
Xz Xz ’

X @ = K~ X 15 e -
Yy X

Tz X T Xs\” xll)
"e3) %'1:1;; ""'x"“("""")(m ln) (xs.
B K X3 can be writden by 2x2 esults



Some Formula
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Solifon S‘c.od'l'crl‘n?.
when ‘fw od Xw are nql. fﬂ)* ) is
pot in }tneml
The Soluﬁous cnu.\d be V‘e.nl In Some Cases:
(i) {- soliton solutions are the same as

COmmutative ones ‘e.c.o.uu crf‘ Vas
@ f(x-vt)x Jx-vt) = Flx-v8)- J-1t)
Ct x]ai6

(i) N-soliton solutions in the afYnftdl'l'( w-].l'on



Ricle on a (.omovinz ’fmﬁ'e Wi'iln I—‘l'lv\ Soli‘t’on@

A V)

X:= X~4A1'l' : finffe
X-4:ht = X4t + 400~ )t

g
X l t5 re
to
Assume 0 <M< - <Az < - < Mn
o~k (X~ 4xe)t k<T

B — { HR(X-At, R(X-tt kel
Lade eiJ}I(X%-Xk)t k> T



il Rlors) it L Pt 4%
~ '2. - -i‘ r Al o~
B Ba) ﬁz(ew Y gl W) k) ©

L 3 42
AR =5%) (~4e) : (x“"i)& '-
U -—ﬂ ; : i 0
SO S ™ ) LAY }l@

x-dependence is heve only FUx-Acty

3 In t too (asymptotic region). Moyal pducts
reduce t anl{mp), [’NJud's (coinddes with )

Commyfative ones




N Sol(ton S‘olu‘h'on
= Non- |inear S'upev‘:osiﬁon" of n 1-Solftons
Cwath the same quse shifts as commutative case)
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§5 ASDYM revisited.

We PNSQW‘Z Sb“’l‘bh so\wlions df ASDYM w'nose
twdim is one (not 4 : mstontons )

These ave described in terms of
3uasi- WVMS[(('M\ 7_61\0'&?2.0( by Darloux "hff

quast- Grommian o Lc‘mry Darbowx trf.
In KP '(‘ke.ovy T-'chﬁons are Wronskians (= Grammiany

Heve Wwe show 'tke Gvammio.w S‘bluﬁons :



ASDYM e, Faw=0,Fraz0,G3-Fws=0
has twe patentiad foms :

v J-matrix 'fbvm (.Yo.ng's 63.)
3 ((:3)3°1) - 3 (GuT)T )= 0 ~0

+ K~matyix form (Newman's e, )
2 32K- 30 DK+ [WK, K] = 0 @

* Theve exist actions whese EoM are @@
o Choose : Bz x'exdb waxixh weR S (F4--)



hodim WXW mode! (T-matyix) Doreldson 'g’]
Action: Sawzw = 5o + Swz  T®e GLIC)

= -i ~ (3 ~|
Sos 5[ A @2)7"s G ]

€ aB @w,.3w)
swz - .—-QE g'lD A " -E‘I (U)%W;J |o<al CMJS)

w w=dA: \Q\lerﬁmufuj/ U
U: %= X+X3,.W~X-|~X , w-{-(Jth-JwAJz)

d = 34-3 J =dvdy +d2 01, S‘Jwa“""b}
EoM: );((3!3')3") 3;7((3»])3'.') O(-ASDYM)




ng y = ° P%”Il @

n-soliton sols. for G=U(2): mH,Hm},gﬁif?%
& suas -G ' aﬂ

Q(a,6) Ktet| " I e

T= (Ov\e bimavy Davboue trf )

2% 2

0 = a'l e§| a:e.‘ 56;' A- A‘/\a O
N\ (R 2 g2 ohs i A
axn Vb €7 hie bae ') an | O A
Sk = Mok RePde MBewedi®  lc of &= B34, B = A
[fnear in §Pac(al CDorJS' (ﬂgl 3(' ‘;{‘ maas
. . . .sol.oT AR~ 0A = 6'0 )
X Qua$|A¢kl'm| nont (Schur omp [ement)

AB| o 1_ra !
c [ d~CA"B (A'A‘ms}f(;?:s




AC.'HOVI 'DQHS'H‘)' iﬂwgw T Lo- + «LWZ ol x

One soliton (o 1) 5

cosh X

1 1 .l
L=§;&.M’X ok X'“g*g'[g‘ega'ax

sz = 0 (ic.-m‘l*t'mu},) \\t\ X:O 14D
Simg (QVY \ \

ef KP soliton x 3-dim Yf)ev;:lane
_ 932 X =X o 2 (codim 1 )
=20 l’} (e'+e ) ““’I‘.}S not [nstunton ¥

[inear in . %. Y



T\\m SO(IN'H (cm U) Yk=§ k'l{k. @ = 0,- Qz@

Awl‘lx‘ + PM& ' i@k =5k-§k
.C _ . Ct m&g (Xl'l-X21ﬂ @u) ‘("D.t m‘z (X("x: :lau)]
T ekl baklick) conof
/3 = M:! (X| + S) 'ﬂon~§in3u(ay

X( const

X =
e, o anch? (2§ ) "\
X2 : const ",
.u.) 0 | \YL\Q’Q S‘\(‘R‘

otherwise \\
-sz (va\y ) (non-linet effwf)

lons,



9:('0}'('3.5 n o“: P‘tase Sl\i'ﬁ' (kp case,) B

\ 78
Intermediate S«mes" \ /‘Eq;o:;‘anc;
appear in ﬂar;e 5 fi~Xa=o Y ~Shape
@ (§<0)

(S'een at s‘\qllow)

water waves EBOOk dJC YA‘{ Koolamaj



2 Y~Sho.[>@<l Soliton
2 V~$lta‘>e¢1 S‘olf'lny\o (‘M.W)
in 2] dim CBS @) [V Tobisisn- o 0


https://arxiv.org/abs/solv-int/9801003

@) arge § (<) wih J11% (m,)

>

Pouue, Po,e Solu‘f‘ion (V‘QSOM\AQQ)

% Can be mnwlwd‘o.cl clwwﬂ from
5 = (ieig e—-i) A = ( ) Jordan



Summary
. Classification of KP soliton £ iy tduny ool

golt"l'ow }mPLlS ‘)aseal on Y-s‘tapeol PM‘(‘S
& pesitive Guassmanmian

- Classification of ASDYM seliten
Soli'(b\n Plamas LaS‘e.ol on V- S‘laped pai"(tS

3 A ¢ WMOJM.L:, N=2 S'M‘n},“'

ef. S Ko ket, Am.Henri Poincard 3 (02) 817



Towards Unification of In'l'e}l‘kue Symh\s

44 ASDYM
!

Vorious
integmble ¢gs.
(KaV NLS,Toda.")



Towards Unification of In'('e}mlle Symh\s

44 CherreSiwans (CS) 44 ASDYM
Vav{"ous vciious
Selvable modals inM;VaMe egs.

(spin chains, PCM, -+ ) (KaV NLS,Toda,")



B AdCS —s Rincipd Chinadl Model (M) i 2d

c<.,e_JI»Y~m4La:n)
S'ms = ® S,@,‘C::' ATF(AAAA«-%-AAMA) 'f;‘h‘;:‘;:ﬁ
ey gy T ity Je m J

o = @dz  ie PR %?Ag FErP
T has Poles Simple. Revo of B =4

A= Avdo* + A-do+ ATdT « Ae=o (fage fix)
(bulk) EoM F. WA F=o0 wl b.c. at ‘ﬂ\epo(es
4

ASSBFLELE, flzo foror =g
= . )% do'+ L. 443 940" %Q}-‘-&) =0
i zﬂ AL %J Lox pair of PCMV




Lax formalism of ASDYM .

lineak fygfem ngdyaa povemetey € CP,

{IJ (W-8Di)f =0 s de t A

Mf = (Dz-¢Dg)f =0 f=fx:$)
(ompotible condition [L,M)=0 & ASDYM
@ We note that Fr 2 [Dv, D]

[L,M] = tb,, De) ~ (IDz, Dalt [Dv. Da))$
+[D1 DQ]I 2 0 (V{) E!?’"‘Fww
F~w




Towards Unification of In'('e}mlle Symh\s

44 CherreSiwans (CS) 44 ASDYM
Vav{"ous vciious
Selvable modals inM;VaMe egs.

(spin chains, PCM, -+ ) (KaV NLS,Toda,")



Towards Unification of In'('e}nlle Symh\s

6d CS
¢ \
4‘4 CS < Jua(iﬁy = 4~¢| ASDYM
! relation l
rarious | vorious
$o|VAMe moaus lnM;VaMe ejs.

(spin chains, PCM, -+ ) (KaV NLS,Toda,")
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Towards Unification of In'('e}mlle Symh\s

6dCS
com. 54 CS \
¥

4¢S '\ 44 ASDYM

A JESPCP‘SSM (ng l Wiey.

trarious kP & | vorious
$o|VAMe mous lnM}VaMe e.gs.
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Towards Unification of In'('e}mlle Symh\s

6d CS
B4 CS \
A

4CS '\ 44'ASDYM

'lr ’l' Wier.

rarious | vorious
$o|VAMe moaus lnM;VaMe e.gs.
(spin <hains, PCM, - ) (kaV NS Toda)

KP bier



God's L\stiw (offter 2023.3)

. M““Y suggestions on hia‘\zv« dim excten sion
°f‘ KP ‘l"/\eoh)/ o Sato / Kedama 'ﬂ\eory

* Many studests 2 postdocs join my group
(3 g.miuocha students % 2 postdocs )
+ {0 Grants afplmvecl (sz)/ )

Nete In Japan , everything can be god after death



God. (Mikio Sat) L\essin} (afiber 2023,3)

S possed oway 2023.1 < + congistent?
i M(LV\Y suﬁefﬁons own L\i a_‘\d‘“ (l\‘ﬁl exten sion

0{‘ KP 'ﬂneov\)/ o Sato / Kedama 'ﬂ\eory

I Momy S‘\'ude)ﬂx 2 goffc‘ocs J,oiv\ my 3?0&?
(3 s;mdum students % 2 postdocs )
+ {0 Grants prlmvecl (sz)/ )

Nete In Japan , everything can be god after death




Wor|<$l\ol> on the Um":t(o.hon (

2025, [o
Nago ya.

Unification of Integrable Systems

27~29 October, 2025 at Nagoya University and Online

6-dim Chern-
Simons (CS) action

4-dim CS

|

various

solvable models

+—p

duality?

—

4-dim WZW

l

various

integrable systems
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Nagoya.
(on occasion of Tyo Sachs's VsSt’C)

Nagoya University International Conference on

Homotopy Algebraic Formulation of SFT, QFT and IFT

24~26 August, 2026 at Nagoya University and Online

Supported by Nagoya University International Conference Grant and Mugishima Foundation.



https://www.math.nagoya-u.ac.jp/~hamanaka/Homotopy2026.html
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(on occassion of Lione Magson's wisvt)
Integrability, Self-Duality, and Twistor Theory

27~28 August, 2026 at Nagoya University and Online

Integrability
Self-Duality, and
Twistor Theory

and

This workshop is co-sponsored by Daiko Foundation and ...


https://www.math.nagoya-u.ac.jp/~hamanaka/Twistor2026.html



