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Classical Setting

o (92, A, u) ~ o-finite measure space.

o T:Q — Qanon-singular transformation. (i.e, mble and
u(T~(B)) =0 p(B) = 0).
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Classical Setting

o (92, A, u) ~ o-finite measure space.
o T:Q — Qanon-singular transformation. (i.e, mble and
u(T~(B)) =0 p(B) = 0).
o (A, u,T) ~ MPS (measure preserving system)
if T:Q — Qisamblemap and (T~ 1(A)) = u(A),VA € A.
o fix(T)={AeA: T71(A) = A}
o (2,A4,u,T)~ ergodic if
T-1A)=A = pu(A) =0or u(A°) =0.
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Classical Ergodic theorems

Theorem 1 (von Neumann and Birkhoff’s Ergodic Theorem)

(Q, A, u, T) ~» MPS, then the following holds;

Q@ Vfcl*(X hm ZfoTk = E(f| fix(T)) in ||-||,-
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Classical Ergodic theorems

Theorem 1 (von Neumann and Birkhoff’s Ergodic Theorem)

(Q, A, u, T) ~» MPS, then the following holds;

Q@ Vfcl*(X hm ZfoTk = E(f| fix(T)) in ||-||,-

Q vf e LY(X), wehave

lim — Z foTHx) = E(f] fix(T))(x), p-aeinx,

n—oo N

and if (Q, A, p, T) ~ ergodic —>

n—1

lim — ! ZfoTk( = /fdu p-a.e in x.
k=
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@ For1 <p < oo, and suppose T : L/ (X, ) — LP(X, u) be a
contraction

n—1
o Suppose A,(f) = + > TX(f) for f € LP(X, p).
k=0

@ Does lim A,(f) exist ?
n—o00
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von Neumann Mean Ergodic theorem

Let T : LP(X, u) — LP(X, ) be a contraction, suppose f € LV (X, u), then
following holds.

@ Assumel < p < oo, then

nlirgoAn(f) exists in |-, -
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von Neumann Mean Ergodic theorem

Let T : LP(X, u) — LP(X, ) be a contraction, suppose f € LV (X, u), then
following holds.

@ Assumel < p < oo, then
nlirgoAn(f) exists in |-, -
@ Forp =1, lim A,(f) may not exists . But if T is Danford-Schwartcz
n—00
class of operator i.e T is L' — L contraction then

nlingoA”(f) exists in ||-[| .
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Pointwise and Krengel’s stochastic ergodic theorems

Let T : LP(X, u) — LP(X, p) be a positive contraction, suppose
f € LP(X, p), then following holds.

@ Assumel < p < oo, then

. . bise d.e LL.
lim A, (f) exists pointwise a.e
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Pointwise and Krengel’s stochastic ergodic theorems

Let T : LP(X, u) — LP(X, p) be a positive contraction, suppose
f € LP(X, p), then following holds.

@ Assumel < p < oo, then

. . bise d.e LL.
lim A, (f) exists pointwise a.e

@ Forp =1, lim A,(f) may not exists pointwise . But additionally if
n—oo

T is Danford-Schwartcz class of operator, then

lim A, (f) exists pointwise a.e .
n—o0o
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Pointwise and Krengel’s stochastic ergodic theorems

Let T : LP(X, u) — LP(X, p) be a positive contraction, suppose
f € LP(X, p), then following holds.

@ Assumel < p < oo, then

. . bise d.e LL.
lim A, (f) exists pointwise a.e

@ Forp =1, lim A,(f) may not exists pointwise . But additionally if
n—oo
T is Danford-Schwartcz class of operator, then

lim A, (f) exists pointwise a.e .
n—o0o

@ Forp =1, we have stochastic convergence (convergence in measur),
ie,

lim A, (f) exists in measure .
n—o0o

Pg Bikram NISER Neveu decomposition and stochastic ergodic theorems 6/27



Motivation: Invariant measures in classical setting

Stochastic ergodic theorem leads to a study of finding invariant
measure and weakly wandering vectors.

e For a non-singular transformation T on a measure space
(2, A, 1),

Does 7 a finite measure vs.t. voT™' =vand v ~ p ?
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Motivation: Invariant measures in classical setting

Stochastic ergodic theorem leads to a study of finding invariant
measure and weakly wandering vectors.

e For a non-singular transformation T on a measure space
(Q7 A7 ,U/)l
Does 7 a finite measure vs.t. voT™' =vand v ~ p ?

e A mble set W is Weakly Wandering if 3 {p;} C Z; s.t. {T"7(W)}
are mutually disjoint.

Theorem 4 (Hajian-Kakutani, 1963)
The following are equivalent.
(i) Jafinite measurevs.t. voT ' =vandv ~ p.

(ii) Does not exist any weakly wandering set of positive measure.
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Motivation: Invariant measures in classical setting

@ Now note that L>°(2) > f 5 foT e L>*(R)is a positive isometric
and identify L'(Q)* = L>(9).

o Define the pre-dual map T : L'(Q) — L!(Q2) determined by
[ 16) g = [ £ Tguvf e L), g € 17(@).

o Tisa positive contraction and if T is invertible, it is given by
T(f) = dMOT ol £ T forall f € L1(Q).
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Motivation: Invariant measures in classical setting

@ Let v be a finite measure on (2, A) with v < p.
e 3f € LY(Q,p) such thatdv = f - dp.
@ Then,

Tf)=feveT ' =v

Indeed, note that for all g € L>°(2, ), we have,

/gduonl:/gonz/:/goT~fdu:/g-T(f)d,u.
Q Q Q Q

Remark 5

Finding invariant measure for T is equivalent to finding fixed point of T in
LY, ).
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Neveu Decomposition: Classical setting

Let T : LY(Q, u) — LY(Q, p) be a positive contraction.

Definition 6 (Krengel)

Let T* : L°(Q, ) — L°°(, ) be the dual map of T. An element
h € L>°(Q, p) is called

o weakly wandering if 3 increasing sequence of integers
0=ko <ki <...suchthat ||>0° T*h|_ < oc.

Remark 7
If h is weakly wandering then limy, o || >1; T*h|| = 0.
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Neveu Decomposition: classical setting

Theorem 8 (Krengel, 1985)

T ~» +ve contraction on L'(Q, i). Then 3 disjoint sets Xo, X1 € A with
Q = Xo U X, uniquely determined upto null sets by the following
properties.

(i) Jag e LY(Q, p)+ with Tg = g and supp(g) = Xo.
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Neveu Decomposition: classical setting

Theorem 8 (Krengel, 1985)

T ~» +ve contraction on L'(Q, i). Then 3 disjoint sets Xo, X1 € A with
Q = Xo U X, uniquely determined upto null sets by the following
properties.

(i) Jag e LY(Q, p)+ with Tg = g and supp(g) = Xo.
(i) 3ah e L=(Q, u)+ s.t his weakly wandering and supp(h) = X;.
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Stochastic Ergodic Theorem(Comm case)

A sequence of measurable functions {f, } is said to converge stochastically to
fifVe>0and Awith u(A) < oo,

Jim p(AN{lfy —f[ > €}) = 0.
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Stochastic Ergodic Theorem(Comm case)

A sequence of measurable functions {f, } is said to converge stochastically to
fifVe>0and Awith u(A) < oo,

Jim p(AN{lfy —f[ > €}) = 0.

Theorem 10 (Stochastic Ergodic Theorem, Krengel, 1966)
T ~» +ve contraction on L'(Q2, u), then Vf € L,

lim A, (f) exists stochastically ,

n—oo

and the limit is T-invariant and vanishes in X.
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Neveu Decomposition(Non-Comm Case)

@ H ~» separble Hilbert space. A unital *-subalgebra M C B(H)
is von Neumann algebra (shortly vNa) if M is WOT closed (&
SOT closed < M = M).
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Neveu Decomposition(Non-Comm Case)

@ H ~» separble Hilbert space. A unital *-subalgebra M C B(H)
is von Neumann algebra (shortly vNa) if M is WOT closed (&
SOT closed < M = M).

@ Assume M finite vNa, 3 a faithful, normal, tracial state 7 on M.
ie, 7(xy) = 7(yx),Vx,y € M.

e For self-adjoint x € B(H), s(x) (support) is the smallest projection
e € B(H) such that ex = xe = x.
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Neveu Decomposition(Non-Comm Case)

@ H ~» separble Hilbert space. A unital *-subalgebra M C B(H)
is von Neumann algebra (shortly vNa) if M is WOT closed (&
SOT closed < M = M).

@ Assume M finite vNa, 3 a faithful, normal, tracial state 7 on M.
ie, 7(xy) = 7(yx),Vx,y € M.

e For self-adjoint x € B(H), s(x) (support) is the smallest projection
e € B(H) such that ex = xe = x.

@ M, C M*is the normed closed w-continuous/ normal linear
functionals.

@ Let ¢ € M, and s(¢) (support) is defined as

5(¢) = 1 — sup{e € proj(M) : ¢(e) = 0}
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Neveu Decomposition for group action

@ G~ 2nd countable, locally compact, Hausdroff (SLCH) group
(semigroup) with a right Haar measure m.

o G~ amenable if 3 a sequence {K, },cn of compact subsets of G
of non-zero measure, s.t
m(K, AK,g)

m ————= =0.

Forallg € G, n1i>oo m(Ky)

@ Consider a w-continuous group homomorphism
a: G — Aut(M) defined by ¢ — a,, where Aut(M) is the group
of automorphisms of M.

e (M,G,«)~ covariant system.
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Neveu Decomposition for group action

@ Write € Py(M) = proj(M) \ {0} and Vx € M define,

An(x) = m(}() / ag(x)dm(g).

n

n—oo
——0

@ x € M, is called weakly wandering if ||A,(x)||
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Neveu Decomposition for group action

@ Write € Py(M) = proj(M) \ {0} and Vx € M define,
i L asnts).

n

Ay(x) =

n—oo
——0

@ x € M, is called weakly wandering if ||A,(x)||

Theorem 11 (Bikram, Saha)

Let M be a semi-finite von Neumann algebra with an f.n.s trace T and
(M, G, c) be a covariant system. Then 3 ey, e, € proj(M) s.t. e1 + e, =1
and

o Ja G-invariant state p € M, s.t s(p) = ey and
o 3 a weakly wandering operator xo € M with support s(xg) = es.

Further, s(p) and s(xo) are unique.

Remark 12

In the non-coomutative setting Grabarnik and Katz (1995) took the first
initiative and proved the above theorem for Z4-gctions, d > 1.
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Non-Commutative L!

@ Let (M, 7) be a tracial von Neumann algebra. and let L*(M, 7) be
the corresponding GNS representation and M C B(L*(M, 7)).
Write % = L2(M, 7).

@ A (unbounded) operator x on H is affiliated to M if for all unitary
u € M, we have ux = xu.

o M= set of all closed, densely defined operators affiliated with M.

o M, can be made a *-algebra with the natural actions.
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Non-Commutative L1

Theorem 13

{XeM:7(X]) < o0} = LY(M, 1)
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Non-Commutative L!

Theorem 13

{XeM:7(X]) < oo} = L}(M, 1)
e Given X € L'(M, 7), Define, || X||, := 7(|X|) and
(LY(M, ), ||-|I;) ~ Banach space.

@ Define, 7, as a linear functional on M as 7,(x) = 7(ax) for all
x e M.

Theorem 14

Let (M, ) be a tracial von Neumann algebra represented on L*(M, 7).
Then,

(i) The map a — 7, extends to a isomorphisms L' (M, T) onto M. with

I 7all = llall; -

(ii) LY(M, 7) is a Banach space with LY(M, 7)* = M.
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Maximal type Inequality

T:M — M~ +ve, w-cont, contraction, consider the dual operator
T* : M* — M*. Write the ergodic averages corresponding to the
operator T™* as

(T*) (1), € M".

Theorem 15 (Bikram, Saha)

Let M be a vNa with a f.n state p on M. Assume
T:M— M~ +ve contractions.t T(1) <landpoT = p. Let 1 € M,
and e > 0. Then VN € N, 3 e € P(M) such that p(1 —e) < ||u|| /€ and

[Sn (1) (x)| < ep(x) forall x € (eMe)+ andn € {1,...,N}.
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Maximal type Inequality

A compactly generated group G is said to be of polynomial growth if
there exists k > 0 and r € N such that m(V") < kn” for alln € N.
Shortly write (G, V) ~ LCHPG

Theorem 16 (Hong, Liao, Wang, 2021)

Suppose (G, V) ~» LCHPG and let o be a strongly continuous action of G
on an ordered Banach space E such that ag(x) > 0 forall g € Gand x € E;.
Define an operator T on E by

T(x) = n1(1V) /Vag(x)dm(g), forallx € E;.

Then, there exists a constant c only depending on G such that

2n?

m(lvn) / g (x)dm(g) < 2% > T*x), forall x € E..

k=1
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Pointwise ergodic theorem: Predual action

Definition 17

A sequence of operators {X, }nen C L' (M, 7) converges bilaterally
almost uniformly (b.a.u) to X € LY(M, ) if for all § > O there exists a
projection e € M such that

7(1—e) < dand |e(X, — X)e|| — 0.

Definition 18

Let T : M — M be a positive contraction. Since L'(M, 7)* = M, the
predual map T : LY(M, 7) — LY (M, ) is defined by

(T(X)y) = 7(XT(y)) VX € L'(M, 1),y € M.
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Pointwise ergodic theorem action

Let M be a von Neumann algebra with f.n. tracial state 7 and
X € LY(M, 7). When G is either LCHPG group or Z ;define

vy Jun Gg(X)dm, n €N if G = LCHPG,a € N

INTTHX) ifG=7,, nezy,

Kernel : (M, G, T, p) is called kernel if 3 a f.n. state p € M, which is
G-invariant.
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Pointwise ergodic theorem action

Let M be a von Neumann algebra with f.n. tracial state 7 and
X € LY(M, 7). When G is either LCHPG group or Z ;define

vy Jun Gg(X)dm, n €N if G = LCHPG,a € N

M”X — n 1A
(X) 1 “(X) ifG=7Z,,nely,

0

-
Il

Kernel : (M, G, T, p) is called kernel if 3 a f.n. state p € M, which is
G-invariant.
Theorem 19 (Bikram, Saha)

Let G be either a LCHPG group, Z4 and (M, G, a, p) ~ kernel . Suppose
we M,sande>0. ThenVY N € NJe € proj(M) s.t p(1 —e) < c||u] /e
and

|Ma(1)(x)| < ep(x) forall x € (eMe) anda € {1,...,N}.
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Banach Principle

@ Forv € M., suppose s = ||-||; - liﬂm Ay (v). Then consider W =
n oo

{v—Mi(v)+7: keN,veM,,, withv < \p, for some X > 0}.
Then W — W is dense in M,;.

@ Banach Principle type result:

Theorem 1 (Bikram + Saha, 2025)
(M, G, a, p) ~ , suppose M ~ finite vNa with a f.n trace 7.
Then, the following set

C ={¢ € M,s : M,,(¢) converges in b.a.u}

is closed in M.

o W—-WCC.
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Theorem 20 (Bikram, Saha)

Let (M, G, T, p) be a kernel and T be a f.n tracial state on M. Then
VY eLY(M,7),3 Y € LY(M, 1) s.t My(Y) converges to Y bilaterally
almost uniformly.
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Stochastic Ergodic theorem

Fix a covariant system (M, G, «), where G is a LCHPG group with a
fixed compact symmetric generating set V.

@ Let ey, e; be the projection obtained Neveu Deco. Then note that
ag(e;) =e;, Vg € Gand i = 1,2. Write M, = e;Me; and then
(M,,, G, o) fori = 1,2, becomes a covariant system.

o cig(eiXe;) = eidg(X)e; forall X € L'(M, 7) and forallg € G. Asa
consequence, the ergodic averages satisfy

eiAn(X)e; = Ay(eiXe;) forall X € L'(M,7),n € Nand i = 1,2.
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Stochastic Ergodic theorem

Defn: A sequence {X,} C L'(M, 7) is said to converge to

X € LY(M, 7) stochastically or in measure if Ve, § > 0 there exists
np € N and a sequence of projections {e, }nen C M such that
llen(Xn — X)en|| < eand 7(1 —e,) < 6 for n > ny.
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Stochastic Ergodic theorem

Theorem 21 (Bikram, Saha)

Let (M, G, a, ) ~ covariant system. Then 3 e, e, € proj(M) (as in Neveu
Deco.) s.t;

@ VB c L'(e1Mey, 7,), IB € L (e1Mey, 7o,) s.t
o Ay(B) converges b.a.u to B.
o In particular, A,(B) converges in measure to B.

@ VB € L'(eaMes, 72,), An(B) converges in measure to 0.
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Stochastic Ergodic theorem

Theorem 21 (Bikram, Saha)

Let (M, G, a, ) ~ covariant system. Then 3 e, e, € proj(M) (as in Neveu
Deco.) s.t;
@ VB c L'(e1Mey, 7,), IB € L (e1Mey, 7o,) s.t
o Ay(B) converges b.a.u to B.
o In particular, A,(B) converges in measure to B.

@ VB € L'(eaMes, 72,), An(B) converges in measure to 0.

Stochastic Ergodic theorem

Theorem 22 (Bikram, Saha)

Let (M, G, o, ) ~ covariant system . Then
VX € LY(M,7), 3 Z € LY(M, 1) s.t A,(X) converges to Z in measure.
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Stochastic Ergodic theorem

Theorem 21 (Bikram, Saha)

Let (M, G, a, ) ~ covariant system. Then 3 e, e, € proj(M) (as in Neveu
Deco.) s.t;
@ VB c L'(e1Mey, 7,), IB € L (e1Mey, 7o,) s.t
o Ay(B) converges b.a.u to B.
o In particular, A,(B) converges in measure to B.

@ VB € L'(eaMes, 72,), An(B) converges in measure to 0.

Stochastic Ergodic theorem

Theorem 22 (Bikram, Saha)

Let (M, G, o, ) ~ covariant system . Then
VX € LY(M,7), 3 Z € LY(M, 1) s.t A,(X) converges to Z in measure.

Remark 23

For the semigroup to prove the above theorem, we need to assume that the
maps to be Lamperti operators.
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