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Weighted Sum of i. i. d. Random Variables

Tossing a Fair Coin:

εk : the outcome of the k -th tossing, P(εk = 1) = P(εk = −1) = 1
2 ;

Let

Xn=
n
∑
k=1

ckεk ;

Basic Questions
Estimate E∣Xn∣p for n large?
When does ∑∞k=1 ckεk converge?

EXn = 0, EX 2j+1
n = 0.

EX 2
n =

n
∑

k ,j=1
ckcjEεkεj =

n
∑
k=1

ckckEε2
k =

n
∑
k=1

c2
k .
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The Khintchine Inequality

εk : i. i. d. random variables with the Rademacher distribution
P(εk = 1) = P(εk = −1) = 1

2 .

For 0 < p < ∞,ck ∈ R/C,

Ap (
n
∑
k=1
∣ck ∣2)

p
2

⩽ E∣
n
∑
k=1

εkck ∣
p
⩽ Bp (

n
∑
k=1
∣ck ∣2)

p
2

.

Aleksandr Yakovlevich Khinchin (1894–1959)
Sergei Natanovich Bernstein (1880-1968)
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The Khintchine Inequality

εk : i. i. d. random variables with the Rademacher distribution
P(εk = 1) = P(εk = −1) = 1

2 .

For 0 < p < ∞,ck ∈ C,

(E∣
n
∑
k=1

εkck ∣
p
)

1
p ≃Kp (

n
∑
k=1
∣ck ∣2)

1
2

.

K1 =
√

2 (Szarek 1976)

εk can be replaced by
Independent standard Gaussian(=normal) random variables.

Complex variables ei2k t ∈ Lp(T).
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Connections

Independent centered variables: Burkholder-Gundy inequality;

Voiculescu’s free independent random variables.

Λp-set: Zygmund, Rudin, Erdös, Bourgain,

Structure of Metric Spaces: Mendel/Naor; Ivanisvili/van
Hanel/Volberg

Kahane’s Inequality; Random Matrices; Matrix-valued ck .

Khintchine Inequalities and Z2 Sets Revisited Commutative v.s Noncommutative 5 / 22



The Khintchine inequalities for (matrix) operator- ck

Assume 0 < p < ∞, then for ck ∈MN , we have

(Etr∣
n
∑
k=1

ck ⊗ εk ∣
p
)

1
p ≈Kp ∥(ck)k∥

Sp(ℓ2)
.

Lust-Piquart
1986; Lust-Piquart/Gilles Pisier in 1991; Haagerup/Musat 2017;

Pisier/Ricard 2017; Cadilhac 2019.



The Khintchine inequalities for (matrix) operator- ck

Assume 0 < p < ∞, then, for ck ∈MN ,

(Etr∣
n
∑
k=1

ck ⊗ εk ∣
p
)

1
p ≈Kp ∥(ck)k∥

Sp(ℓ2)
.

Lust-Piquart 1986; Lust-Piquart/Pisier 1991; Haaggerup/Musat 2017;
Pisier/Ricard 2017; Cadilhac 2019.

for p ⩾ 2,

∥(ck)k∥
Sp(ℓ2)

∶= max{tr(
n
∑
k=1

ckc∗k )
p
2
, tr(

n
∑
k=1

c∗k ck)
p
2 }.

for 0 < p < 2,

∥(ck)k∥Sp(ℓ2) ∶= inf
ck=ak+bk

{tr(
n
∑
k=1

aka∗k)
p
2
, tr(

n
∑
k=1

b∗k bk)
p
2 }.



The Khintchine inequalities for (matrix) operator- ck

Assume 0 < p < ∞, then

(Etr∣
n
∑
i=k

ck ⊗ εk ∣
p
)

1
p

≈Kp ∥(ck)k∥
Sp(ℓ2)

.

Kp ≃
√

p,p →∞;

∥ ⋅ ∥MN ⩽ N
1
p ∥ ⋅ ∥Sp

N
⩽ ∥ ⋅ ∥MN

For p = ∞,ck ∈MN ,

E∥
n
∑
i=k

ck ⊗ εk∥
MN
≲
√
logN max{∥

n
∑
k=1

ckc∗k ∥
1
2

MN
, ∥

n
∑
k=1

c∗k ck∥
1
2

MN
}.

Random Matrices, Concentration inequality, ⋯



The Khintchine inequalities for (matrix) operator- ck

Assume 0 < p < ∞, then for ck ∈MN , we have

(Etr∣
n
∑
i=k

ck ⊗ εk ∣
p
)

1
p ≈Kp ∥(ck)k∥

Sp(ℓ2)
.

Lust-Piquart 1986; Lust-Piquart/Gilles Pisier in 1991; Pisier/Ricard
2017; Cadilhac 2019.

Haaggerup and Musat 2017

K1 =
√

2 for εk = ei2k t ∈ L1(T).
K1 ⩽

√
3 for εk with Rademarcher’s distribution

P(εk = 1) = P(εk = −1) = 1
2 .



Optimal Khintchine inequalities and Z2 sets

Haaggerup and Musat 2017 For A = {2j , j ∈ N},

∥(ck)k∥S1(ℓ2) ⩽ K1(A)∫
1

0
tr ∣ ∑

k∈A
ck ⊗ ei2πkθ ∣dθ (Kh1)

Here A = {2j , j ∈ N} is a Z2 set in the sense that.

Z2(A) = sup
n∈N
{(a,b) ∈ A ×A;a − b = n} = 1 < ∞.

Haaggerup-Musat 2017 For subsets A ⊂ Z,

Z2(A) < ∞⇒ K1(A) ⩽
√

Z2(A) + 1,

Chian-Liu-M 2025

K1(A) =
√

2⇒ Z2(A) ⩽ 6; K1(A) <
√

2 + δ⇒ Z2(A) < ∞.
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Commutative v.s. noncommutative

Recall for A ⊂ Z,ck ∈MN , Z2(A) = supn∈N{(a,b) ∈ A ×A;a − b = n}

(tr ∫
1

0
∣ ∑
k∈A

ck ⊗ ei2πkt ∣pdt)
1
p ≃Kp(A) ∥(ck)k∥Sp(ℓ2) (Khp)

Zygmund,Rudin...

Z2(A) < ∞⇒ K4(A) ⩽ (Z2(A) + 1)
1
4 .

Pisier-Ricard 2017

Kp(A) < ∞⇒ Kq(A) < ∞,∀0 < q < p.

Unclear, whether for matrix(operator)-valued ck ,

K1(A) ⩽ (K4(A))2?

Khintchine Inequalities and Z2 Sets Revisited Commutative v.s Noncommutative 11 / 22



Commutative v.s. noncommutative

Recall for A ⊂ Z,ck ∈MN , Z2(A) = supn∈N{(a,b) ∈ A ×A;a − b = n}

(tr ∫
1

0
∣ ∑
k∈A

ck ⊗ ei2πkt ∣pdt)
1
p ≃Kp(A) ∥(ck)k∥Sp(ℓ2) (Khp)

Zygmund,Rudin...

Z2(A) < ∞⇒ K4(A) ⩽ (Z2(A) + 1)
1
4 .

Pisier-Ricard 2017

Kp(A) < ∞⇒ Kq(A) < ∞,∀0 < q < p.

Ricard 2017 The Mazur map x ↦ x ∣x ∣
p−q

q is α-Hölder from Lp(M) to
Lq(M).
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The Khintchine inequality for systems

M ∶ von Neumann algebra with a finite trace τ.
Lp(M) ∶ associated noncommutative Lp-space
A = {xk ∈ L2(M), τ(x∗k xj) = δkj}
τ(∣xk ∣2∣xj ∣2) = 1,∀xk ,xj ∈ A

Chuah-Liu-M, 2025

Z2(A) < ∞⇒ K1(A) ⩽
√

Z2(A) + 1,

For a class of abelian group von Neumann algebra,

K1(A) <
√

2 + δ⇒ Z2(A) < ∞.

Here K1(A) is the best constant s.t.

∥(ck)k∥S1(ℓ2) ⩽ K1(A)tr ⊗ τ ∣ ∑
xk∈A

ck ⊗ xk ∣ (Kh1)
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Example

M= L∞([0,1]), τ = ∫
Lp(M) = Lp([0,1])
A = {εk = sign(2kπt), t ∈ [0,1]}

Z2(A) = 2;K1(A) ⩽
√

3.

Open question: K1(A) =
√

2?

Here K1(A) is the best constant s.t.

∥(ck)k∥S1(ℓ2) ⩽ K1(A)tr ⊗ τ ∣ ∑
xk∈A

ck ⊗ xk ∣ (Kh1)
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Example

M= L∞(T), τ = ∫ , A = {ei2π2k t ;k ∈ N}

Z2(A) = 1;K1(A) =
√

2.

M= L∞(T), τ = ∫ ,A = {ei2π2k 3j t ,k , j ∈ N},

Z2(A) = 3,K1(A) ⩽ 2.

G ∶ discrete group.
M=Group von Neuman algebra G
τ(λg) = δe(g)
A = {λgk ,k ∈ N;

∣gk+1∣
∣gk ∣
> 2}

Z2(A) = 1;K1(A) =
√

2.
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Example: Quantumn Rademacher Sequences

σi = Pauli matrices ∈M2, i = 1,2,3

εi,k = id2 ⊗⋯⊗ σi ⊗⋯⊗ id2 ∈M2N ,1 ⩽ k ⩽ N.

A = {εi,k ;1 ⩽ k ⩽ N,1 ⩽ i ⩽ 3} ⊂M2N

Z2(A) = 2⇒ K1(A) ⩽
√

3.
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Khintchine inequality for systems

M ∶ von Neumann algebra with a finite trace τ.
Lp(M) ∶ associated noncommutative Lp-space
A = {xk ∈ L2(M), τ(x∗k xj) = δkj}

N1(A) = sup
x∈A

τ(∣x ∣4), N2(A) = {τ(∣x ∣2∣y ∣2) ∶ x ,y ∈ A and x ≠ y}

Z2,2(A) = sup
w ,x∈A,w /=x

{ ∑
y ,z∈A

∣τ(w∗xy∗z)∣, ∑
y ,z∈A

∣τ(wx∗yz∗)∣},

Z2,1(A) = sup
x∈A
{ ∑

y ,z∈A,y /=z
∣τ(∣x ∣2y∗z)∣, ∑

y ,z∈A,y /=z
∣τ(∣x∗∣2yz∗)∣}.

Chuah-Liu-M, 2025

K1(A) ⩽max{
√

N1(A) + Z2,1(A);
√

N2(A) + Z2,2(A)}

Here K1(A) is the best constant s.t.
∥(ck)k∥S1(ℓ2) ⩽ K1(A)tr ⊗ τ ∣∑xk∈A ck ⊗ xk ∣ (Kh1)
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Example

A = {(γn)∞n=1: independent, standard, complex-valued Gaussian}.
Then N1(A) = 2,N2(A) = Z2,2(A) = 1,Z2,1(A) = 0.

K1(A) =
√

2.

A = {(γn)∞n=1: independent, standard, real-valued Gaussian }. Then
N1(A) = 3,N2(A) = Z2,2(A) = 1,Z2,1(A) = 0.

K1(A) ⩽
√

3.

σi = Pauli matrices ∈M2, i = 1,2,3
A = {εi,k = id2 ⊗⋯⊗ σi ⊗⋯⊗ id2;1 ⩽ k ⩽ N,1 ⩽ i ⩽ 3} ⊂M2N

N1(A) = N2(A) = 1,Z2,2(A) = 2,Z2,1(A) = 0⇒ K1(A) ⩽
√

3.
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K1(A) ⩽max{
√

N1(A) + Z2,1(A),
√

N2(A) + Z2,2(A)}

∥τ ∣ ∑
k∈A

ck ⊗ xk ∣4∥
1
4 ⩽ K4(A)max{∥∑∣ck ∣4∥

1
4 , ∥∑ ∣c∗k ∣

4∥
1
4 } (K)

Theorem Chuah-Liu-M 2025 (following Haagerup/Musat 2017)

K4
4(A) ⩽max{N1(A) + Z2,1(A),N2(A) + Z2,2(A)}

K1(A) ⩽ (K4(A))2 =max{
√

N1(A) + Z2,1(A),
√

N2(A) + Z2,2(A)}.
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Proof of K1(A) ⩽
√

2⇒ Z2(A) ⩽ 6

Key Lemma (Haagerup-Itoh,1995) For any n ∈ N, there exist 2n + 1
partial isometries a1, . . . ,a2n+1 ∈Md(C) with d = (2n+1

n ) such that

1) tr(a∗i ai) = (2n
n ).

2) ∑2n+1
i=1 a∗i ai = ∑2n+1

i=1 aia∗i = (n + 1)Id .

3) For any (gk)2n+1
k=1 ⊂ C with ∑2n+1

k=1 ∣gk ∣2 = 1, the operator
b = ∑2n+1

k=1 gkak is a partial isometry with tr(b∗b) = (2n
n ).

For n = 2,d = 10

a1 = E6,1 +E5,2 +E4,3 +E3,4 +E2,5 +E1,6,

a2 = −E9,1 −E8,2 −E7,3 +E3,7 +E2,8 +E1,9,

a3 = −E8,4 −E7,5 −E5,7 −E4,8 +E1,10 +E10,1,

a4 = E10,2 +E9,4 +E6,7 −E7,6 −E4,9 −E2,10,

a5 = E10,3 +E9,5 +E8,6 +E6,8 +E5,9 +E3,10.

satisfying the 1),2) and 3) where Ei,j are the coefficient matrices.
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Proof: Cases study

Let A ⊆ Z. Suppose that any of the following holds
1 A contains an arithmetic sequence of length 5.
2 there exist distinct k1, k2, ..., k10 ∈ A such that k2 − k1 = k4 − k3 = ...
= k10 − k9

3 there exist distinct k1, k2, ..., k9 ∈ A such that (k1,k2,k3),
(k4,k5,k6) and (k7,k8,k9) are arithmetic progressions of length 3
with same common difference.

then
K1(A) >

√
2.

Theorem (Chuah-Liu-M 25):

K1(A) =
√

2⇒ Z2(A) ⩽ 6

⇒ K4(A) ⩽ 7
1
4 .
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