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Weighted Sum of i. |

i. d. Random Variables

Tossing a Fair Coin:

ek the outcome of the k-th tossing, P(ex =1) = P(ex = -1)
@ Let

n
Xn= Z CkEk;
k=1

Basic Questions
@ Estimate E|X,|P for nlarge?
@ When does Y ;7 ckex converge?

EX,=0, EXJ"'=0.

EX2 = Z CiCiEexe) = Z cxCkel = Z c2.
k,j=1 k=1
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The Khintchine Inequality

gk i. i. d. random variables with the Rademacher distribution
P(€k=1)=P(€k=—1)=—

For0<p< oo, ck e R/C,

Ap(Z|ck|) <e| > < p(é\cuz)g.

Aleksandr Yakovlevich Khinchin (1894—1959)
Sergei Natanovich Bernstein (1880-1968)
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The Khintchine Inequality

gk i. i. d. random variables with the Rademacher distribution
P(€k= 1) = P(Ek:—1) = %

ForO<p<oo,ckeC,

1
2

(E| Z”:Eka’p)% =/ (i |Ck|2)
P P

Ki = /2 (Szarek 1976)

gk can be replaced by
@ Independent standard Gaussian(=normal) random variables.

@ Complex variables et e LP(T).
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Connections

@ Independent centered variables: Burkholder-Gundy inequality;
@ Voiculescu’s free independent random variables.
@ Ap-set: Zygmund, Rudin, Erdos, Bourgain,

@ Structure of Metric Spaces: Mendel/Naor; lvanisvili/van
Hanel/Volberg

@ Kahane’s Inequality; Random Matrices; Matrix-valued cy.
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The Khintchine inequalities for (matrix) operator- ¢k

Assume 0 < p < oo, then for ¢, € My , we have

(Etr

n P 1
> Ck®5k’ )p P ”(Ck)kH
k=1

Sp(ta)

; i Lust-Piquart
1986 Lust quuart/Gllles Pisier in 1991; Haagerup/Musat 2017;
Pisier/Ricard 2017; Cadilhac 2019.



The Khintchine inequalities for (matrix) operator- ¢k

Assume 0 < p < oo, then, for ¢, € My,

(] % acosif’)” ~ [(enn]

sp(e2)

Lust-Piquart 1986; Lust-Piquart/Pisier 1991; Haaggerup/Musat 2017;

Pisier/Ricard 2017; Cadilhac 2019.

forp>2,

H(Ck)kH

for0<p<2,

n
. = inf {u ) aa
H( Kkl sy = inf, {tr k; e

n
- max{tr( ; )

no




The Khintchine inequalities for (matrix) operator- ¢k

Assume 0 < p < oo, then

. 1
p\r
(x| 3>acoaif)” = (e
i=k

Sp(e2)

o KP:\/:BHO_)OO;

1
O | lmy NI lgp <+

For p = oo, cx € My,

EHZn;(Ck‘X’SkH S/ log
iz

oS ciadl)

Random Matrices, Concentration inequality, ---



The Khintchine inequalities for (matrix) operator- ¢k

Assume 0 < p < oo, then for ¢, € My , we have

(Etr

n P 1
z: K,
ik (G) Sp(£2)

Lust-Piquart 1986; Lust-Piquart/Gilles Pisier in 1991; Pisier/Ricard
2017; Cadilhac 2019.
Haaggerup and Musat 2017

o Ky =+/2fore,=e2tel!(T).

@ Kj <\/3 for g, with Rademarcher’s distribution
P(z’:‘k: 1) = P(€k=—1) = %




Optimal Khintchine inequalities and 2 sets

Haaggerup and Musat 2017 For A = {2/, j e N},

1 .
I(Cnlsey < Ki(A) [ Y cee &®™Ido  (Kh)
keA

Here A= {2/,je N} is a Z, set in the sense that.
Z>(A) =sup{(a,b) e AxA;a-b=n}=1< 0.
neN
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Optimal Khintchine inequalities and 2 sets

Haaggerup and Musat 2017 For A = {2/, j e N},

1 .
I(Cnlsey < Ki(A) [ Y cee &®™Ido  (Kh)
keA

Here A= {2/,je N} is a Z, set in the sense that.
Z>(A) =sup{(a,b) e AxA;a-b=n}=1< 0.
neN

Haaggerup-Musat 2017 For subsets A c Z,

Zo(A) < 00 = Ki(A) < \/Za(A) + 1,
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Optimal Khintchine inequalities and 2 sets

Haaggerup and Musat 2017 For A = {2/, j e N},

1 .
I(Cnlsey < Ki(A) [ Y cee &®™Ido  (Kh)
keA

Here A= {2/,je N} is a Z, set in the sense that.
Z>(A) =sup{(a,b) e AxA;a-b=n}=1< 0.
neN

Haaggerup-Musat 2017 For subsets A c Z,
Z>(A) < oo = Ki(A) <V 2Z(A) +1,
Chian-Liu-M 2025

Ki(A) = V2= Z,(A) < 6;
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Optimal Khintchine inequalities and 2 sets

Haaggerup and Musat 2017 For A = {2/, j e N},

1 .
I(Cnlsey < Ki(A) [ Y cee &®™Ido  (Kh)
keA

Here A= {2/,je N} is a Z, set in the sense that.
Z>(A) =sup{(a,b) e AxA;a-b=n}=1< 0.
neN

Haaggerup-Musat 2017 For subsets A c Z,
Z>(A) < oo = Ki(A) <V 2Z(A) +1,
Chian-Liu-M 2025

Ki(A) = V2= Z,(A) <6; Ki(A)<V2+3= Zo(A) < oo.
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Commutative v.s. noncommutative

Recall for Ac Z, cx € My, Z>(A) =sup,n{(a,b) e AxA;a-b=n}

1 . 1
(ir [ 13 ccw e ™Pat)s P (cllspeyy  (KNP)
keA

Zygmund,Rudin...

Zo(A) < 00 = Ky(A) < (Zo(A) + 1)1,
Pisier-Ricard 2017

Kp(A) < 00 = Kg(A) < o0,V0 < g<p.

Unclear, whether for matrix(operator)-valued cy,

Ki(A) < (Ka(A))??

v,
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Commutative v.s. noncommutative

Recall for Ac Z, cx € My, Z>(A) = sup,n{(a,b) e Ax A;a-b=n}

1 , 1
(r [ 13 cx® ™ Patys ) (ol (KhP)
keA

Zygmund,Rudin...

Zo(A) < 00 = Ky(A) < (Zo(A) +1)4.
Pisier-Ricard 2017

Kp(A) < 00 = Kg(A) < 00,V0<g<p.

Ricard 2017 The Mazur map x — x|x| @ is a-Hélder from LP(M) to
LI(M).

v
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The Khintchine inequality for systems

M : von Neumann algebra with a finite trace 7.
LP(M) : associated noncommutative LP-space
A ={Xy € Lo(M), 7(X¢ X)) = bij}

T(Ix?1x512) = 1, ¥, X € A

Chuah-Liu-M, 2025
Zr(A) <00 = Ki(A) </ 24(A) +1,
For a class of abelian group von Neumann algebra,

Ki(A) < V2+6 = Zs(A) < oo.

Here Ki(A) is the best constant s.t.

I(ck)kllster) < Ki(A)trer| - ck@xk| (Kh1)

XkEA

v
=== = ~
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M=L=([0,1]), 7=
LP(M) = LP([0,1])
A = {ey = sign(2k=t), t e [0,1]}

Z5(A) = 2; Ky (A) < V3.

Open question: Ki(A) = V2?

Here Ki(A) is the best constant s.t.

I(ck)kllste) < Ki(A)tror| - ck@xk|  (Kh1)

XxeA
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M=L>(T),7= [, A= {e?™" keN}

Zo(A) = 1: Ky (A) = V2.

M=L>(T),7= [, A={e22¥ k jeN},

Z>(A)=3,Ki(A)<2.

G : discrete group.
M=Group von Neuman algebra G
7(Ag) = de(9)

A= {rg, ke N; el 5 23

Zo(A) =1, K (A) = V2.
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Example: Quantumn Rademacher Sequences

o = Pauli matrices e Mb,i=1,2,3

Eik=lth® - ®0;i® - ®ids e Mon,1 <k <N.
A={ei;1<Kk<N,1<i<3} c My

Zo(A) =2 = K;(A) < V3.
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Khintchine inequality for systems

M : von Neumann algebra with a finite trace 7.
LP(M) : associated noncommutative LP-space
A= {Xk € LZ(M),T(X;X]‘) = 5kj}

Ni(A) = )S(UET(!X|4)7 No(A) = {(IxPly?) : x,y e Aand x # y}
Zop(A)= sup {37 [r(wW'xy*2)l, 3 |r(wx"yz")l},

W XeA,WEX y ze A y,zeA
2 2
Z1(A)=sup{ > It(IxFy 2), > (X [Fyz")]-
XeA y zeAytz y.zeAytz

Chuah-Liu-M, 2025

Ki(A) < max{y/ N1 (A) + Zo.1(A)i\/Na(A) + Zo 2(A)}
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Khintchine inequality for systems

M : von Neumann algebra with a finite trace 7.
LP(M) : associated noncommutative LP-space
A= {Xk € LQ(M),T(X;X]') = (Skj}

Ni(A) = )S(UET(!X|4)7 No(A) = {(IxPly?) : x,y e Aand x # y}
Zop(A)= sup {37 [r(wW'xy*2)l, 3 |r(wx"yz")l},

W XeA,WEX y ze A y,zeA
2 2
Z1(A)=sup{ > It(IxFy 2), > (X [Fyz")]-
XeA y zeAytz y.zeAytz

Chuah-Liu-M, 2025

Ki(A) < max{y/ N1 (A) + Zo.1(A)i\/Na(A) + Zo 2(A)}

Here Ki(A) is the best constant s.t.
I(e)klst () € K1 (AVtr @ 7| Ecn G @ Xl (Kh1)
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A ={(vn);¢: independent, standard, complex-valued Gaussian}.
Then N1 (.A) = 2, NQ(A) = 2272(.14) = 1,2271 (.A) =0.

Ki(A) = V2.

A = {(vn);4: independent, standard, real-valued Gaussian }. Then
Ni(A) =3,Na(A) = Zo2(A) =1,21(A) =0.

Ki(A) < V3.

oj = Pauli matrices € Mb,i=1,2,3
A={ejk=lith® - ®0;® - ®idh;1 <K<N,1<i<3}c M

Ny (A) = No(A) =1,2Z55(A) =2, 25 1(A) =0 = K (A) < V3.
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K (.A) < max{ N, (.A) I 22’1 (.A), NQ(.A) I 22,2(./4)}

1 1 eidn 1
171 - ek @ xul* 13 < Ka(A) max{|| Y- lel*]%, | X lckl*l3} ()
keA

Theorem Chuah-Liu-M 2025 (following Haagerup/Musat 2017)

K4 (A) < max{N; (A) + Zp,1(A), No(A) + Zo o (A)}

Ki(A) < (Ka(A))? = max{y/Ni(A) + Zo,1(A),\/Na(A) + Zo2(A)}.
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Proof of Ki(A) < V2 = Z,(A) <6

Key Lemma (Haagerup-Itoh,1995) For any n € N, there exist 2n + 1
partial isometries a, . .., asns1 € My(C) with d = (2””) such that

) tr(ara) = (31).

2) Y2 axa; = v20 g8t = (n+ 1) ly.
3) For any (gk)2M! c C with 274" |gk|? = 1, the operator
b= y2"1 geay is a partial isometry with tr(b*b) = (%7).

Forn=2,d=10
=Eg1+Eso+Esz+Esa+Exs+Epg,
ap=-Eg1-Ego—E73+E37+Exg+Eqp,
a3 =-Eg4a-E75-Es7-E4g+Eq10+Eqo1,
ay=Ejo2+Ega+Eg7-E76— Es9- Ez 10,
as = Ejo3+Egs+Egg+ Egg+ Esg+ E310.
satisfying the 1),2) and 3) where E; ; are the coefficient matrices

, .
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Proof: Cases study

Let A c Z. Suppose that any of the following holds
@ A contains an arithmetic sequence of length 5.
@ there exist distinct ky, ko, ..., kig e Asuch that ko — ki = ks — k3 = ...
= Kio — kg
© there exist distinct ky, ko, ..., kg € A such that (ky, ko, k3),

(k4, ks, ks) and (kz, ks, kg) are arithmetic progressions of length 3
with same common difference.

then

Ki(A) > V2.

Theorem (Chuah-Liu-M 25):

Ki(A) = V2 = Z,(A) <6
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Proof: Cases study

Let A c Z. Suppose that any of the following holds
@ A contains an arithmetic sequence of length 5.
@ there exist distinct ky, ko, ..., kig e Asuch that ko — ki = ks — k3 = ...
= Kio — kg
© there exist distinct ky, ko, ..., kg € A such that (ky, ko, k3),

(k4, ks, ks) and (kz, ks, kg) are arithmetic progressions of length 3
with same common difference.

then

Ki(A) > V2.

Theorem (Chuah-Liu-M 25):

FNEN

Ki(A) = V2 = Z,(A) <6 = K4(A) < 74.
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