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Motivation - 4-dimensional topology

> (Non-)semisimple 3d TQFTs and related 3-manifold invariants require
factorizable ribbon Hopf algebras/categories
Reshetikhin and Turaev (1991), Kerler and Lyubashenko (2001), Costantino,
Geer, and Patureau-Mirand (2014)

» Non-semisimple 4d TQFTs and related 4-manifold invariants require
non-factorizabile unimodular ribbon categories
Kerler-Lyubashenko (KL) functors Beliakova and de Renzi (2023),
Bobtcheva and Piergallini (2006) - give an invariant of 4-dimensional
2-handlebodies up to 2-equivalence (Kirby moves involving only 1-, 2-handles)

If H is factorizable ribbon Hopf algebras, the KL functor of a 4-dimensional
2-handlebody W, Jiy(W) depends only on 3-dimensional OW .

4d TQFT Costantino, Geer, Haioun, and Patureau-Mirand (2023) on
4-manifolds up to diffeomorphisms

If C is a modular ribbon category, 4d TQFT functor associated to a
4-manifold W, Je(W) depends only on 3-dimensional OW .
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Preliminaries

Conventions
All Hopf algebras considered are going to be over C, finite dimensional. They are also
usually non-semisimple. We use the usual notation 1, A, S.

Definition

Let H be a Hopf algebra carrying a (left) integral A € H* and a (left) cointegral A € H.
It is called unimodular if A is two-sided, that is S(A) = A. We can normalise A(A) = idy.
Equivalently in H-mod, Py = P7.

Definition
Let H be a Hopf algebra and R € H® H. The pair (H, R) is quasitriangular if
QT1) A(RYQR"=R @Ry @ RI'Ry
QT2) ¢(RHR" =1
QT3) R'® A“P(R") = RIR, ® R @ R}/
QT4) ¢(R")R' =1
QT5) A“P(h)R = RA(h),Yh € H

Then R has an inverse denoted R~!. M := Ry R is the monodromy matrix
If M=1®1, H is called triangular.



Factorizability |

Let (H, R) finite-dimensional quasitriangular Hopf algebra. Then H-mod is a braided
category. Denote the braiding by cw.v - W@V — V@ W for W,V € H-mod

Definition

Define the symmetric centre to be the full subcategory of transparent objects

Z(z)(H-mod) = {W € H-mod |CW,\/ ocCv,w = |dW®v,VV S H-mod}

Definition (Shimizu (2016))

The quasitriangular Hopf algebra (H, R) (and its H-mod) is called factorizable if any of
the two equivalent conditions are satisified

1. the Drinfeld map
H* — H h* = (MM
is an isomorphism of vector spaces,

2. symmetric centre Z(;)(H-mod) is trivial.

Proposition (Kerler and Lyubashenko (2001))

If H is a factorizable ribbon Hopf algebra, it is unimodular.



Factorizability Il
Under Majid's transmutation, we find the Hopf algebra structure of the end of H-mod,
H. It carries a copairing w € H given by w := S(M') @ M"
Proposition (Beliakova and de Renzi (2023))
The category H-mod is factorizable iff w is non-degenerate, that is the Drinfeld map
D:& = €&
e* — e*(ﬂ/)w”
is invertible.

It follows that if a unimodular ribbon H is factorizable then
A )w" = wA(w") = X(S(M)M” = S(M)NM") = A,
So if \(S(M’))M"” # A then H-mod is non-factorizable.

Example

For ugslz, at g an even root of unity this is A(S(M'))M" = g/, g an invertible element of
Uq5[2.

Z2)(ugsl) = {1,851}



Strong non-factorizability

Definition (Faes-M'25)
A unimodular, quasitriangular Hopf algebra (H, R) with a (left) integral A € H* is called
strongly non-factorizable if any of the two equivalent conditions is fulfilled

AS(M)YM" =0 or S(M)N(M") = 0.

Any strongly non-factorizable Hopf algebra is non-factorizable.

Definition
Elements g, h € H have a diagonal relation if there exists v € C such that gh = ~vhg.

Strategy

Construct such a unimodular ribbon Hopf algebra H that
> it is generated by grouplike and nilpotnent generators (usually pointed)
> there are nilpotent generators X* that do not appear in R
> generators X* do appear in A
> all new relations involving X* are diagonal.

Therefore,
)\(S(M'))M” = S(/\/I'))\(/\/I”) =0.



Biproducts with ugsls |

The Hopf algebra ugslo where g, is a primitive r-th root of unity, r =0 mod 8, r = r/2,
r'" = r/4, is the algebra generated by elements K, E, and F, satisfying the relations

K'=1, E'=F =0

K— K™

KEK™' = q’E, KFK ' =q *F, [E,F]=—— =

The Hopf structure is given by
e(K)=1, €(E)=¢(F) =0,
AK)=K@K, A(E)=1RE+E®K, A(F)=FR1+K '®F
and ,
S(KYy=K'=K"' S(E)=—EK™', S(F)=—KF.
Recall also the notation for quantum integers, for each k € Z,/:

{k}:=q¢"—q7*, [k = % [K]! = [K][k —1]...[1].



Biproducts with ugsly Il

The Hopf algebra ugsl is

1. unimodular with a two-sided cointegral

A= {1}#—1 /Z_lEr/—lFr/—lKa
SV =1 pard ’

and a left integral

\/rT[r'fl]' bpcyca I =d
AEPFeK?) ;:{ T FEFK=ETFK

0 otherwise.

2. quasitriangular with R := DO, where

r—1 r'—1

—2Zbc C 1 .9 a a

DO = § g K@K {[]}I YE P
b,c=0 a=0



Biproducts with ugsl, 1l

Definition Nenciu (2004)

Define H(m, t,d, u) to be the Hopf algebra generated by grouplike generators
K = (Ki,...,Ks) (such that the corresponding group G is of even order), and

skew-primitive generators X = (Xi,..., X¢), and with the relations
Ky = KK = KoK, KaXic := 30 XiK,
X; =0 Xi Xy = £ XX,

Hopf structure determined by

e(Ky):=1 A(K,) = K. ® K,

G(Xk) =0 A(Xk) = 1®Xk—|—Xk®Kuk,

S(K,) = K, ti= Kt S(Xk) 1= — X K™,
fora,b=1,...,s,s:=|m|and k,/ =1,...,t. Here m € Z2,,

€= (exp®™/™, ... exp>™/™) and d, u € Mat,xs(Z), satisfying certain conditions.



Biproducts with ugsly IV

Example
Let ugslo x Na, be the Hopf algebra generated by K, E, F with the usual relations
relations and morphisms, as well as K1, K2, K3, X*, Z% with the following relations
Ki=1, KXt =+iXTK,
KiZEK = 7%, KoZP Ky = 7%, KeZPKy = +iz*
(X5 XY = (X5 XTy = {25 X5} = {27 XTy = {Z%, 2%} = {25, 27} = 0

With new relations

[Ks, K] = [Ka, E] = [Ka, F] =0,

{(XE K} ={Z* K} = {X* E} ={Z* E} = [X* F]=[Z%,F]=o.

Let also L := K"~ K# as a shorthand, note that this time [? = 1. The Hopf structure is
defined by

e(K)) =1, eX*)=¢(Z%) =0,
AK) = Ko® Koy, AXT)=10XT +XT (K KiKo)™, A(ZF) =107 +7 oL

S(K.) = Kot S(X*) = —X* (K™ Kikx) ™ S(z%) = —Z*L.

at r = 8 the dimension is 4* x 2% x 2% x 22 = 2% = 65536.



Biproducts with ugsl, V

The algebra ugsly x Ns is
1. unimodular with a two-sided cointegral

/ r—1 4
{l}r -1 ' —1pr'—1,abcrdyvtv— >+ ——
/\::75 EE FF KKK K X" X272,
v =1 4= b,c,d=0 e

and a left integral expressed on the monomial basis by
M(ESFTKTKEKs KE(XTEX )2 (Zz7Y) =
B {\/W[r’l]! if = Er’ Fr’Kr'XJrXfZJrZ*

{1}:" —1
0 otherwise.

2. quasitriangular, with the R-matrix R := R,Roa DO, where D, © form the R-matrix of
ugsly and

1 —ww

= i (K1, Ko, K3)" ® (Ki, Ka, K3)**,

v,wEZ}

Ry=exp(a(Z*®@LlZ™ —Z" ®LZ")),

R; :

032
wherez:(é 0 g) and a € C,



Representation theory of Nenciu biproducts |

By the results of Gainutdinov, Semikhatov, Tipunin, and Feigin (2006) the full system of
idempotents for ugsl> has the form

lp,o:@geay pELy, 1§0’§I’/—1, p—oc=1 mod?2, (1)
where e are central idempotents and
r—1

1 P
90,’3(: . Zq 20 i

~

Jj=0

is the projector to the pth eigenspace of K. It was shown in that the corresponding
indecomposable projective modules, Py := uysl/,—1,, and P,

= ugslbl_5_1,5, have
the shape

S:F

r'—o

S:F

r'—o?

e
A



Representation theory of Nenciu biproducts |l

Definition
Let for a grouplike generator K, € H(m, t,d,u), and the corresponding root of unity &,

1 <&,
SOZ = E Z’ga JPKé-
0

Jj=

Definition
Let for any p € Zm,

s
o a
Wp 1= Wpa,
a=1

Proposition
For all p € Zm, wp form a full system of idempotents in H(m, t,d, u).



Representation theory of Nenciu biproducts Il

Proposition
Let U x H with U = ugsl, and let H = H(m, t,d, u) have the full system of idempotents
{wp}pezm- Then the full system of idempotents of U x H is

Qpop = lpowp, for p=0,...r =1, p€Zm, p—s=1 mod 2.

st
X F E\ X+
83 S3
o o— A
X-8& St XtSsE
P N | N
X-8%_, X-8%_, U xrxtsE X+s¥ X+S3_,
~ —~ ! ~
E F F E
e P P ! T~ \ /
X-8F X-X+S8%_, WX X-X+8%_, X+8F
3 -, ’ L ,
Xt T X*X*Sa* X

The relations between K, E and in, Z,i introduce a Z;-grading with respect to
K-eigenvalues



Representation theory of Nenciu biproducts IV

Proposition

The Hopf algebra ugsl> x N2 admits only strongly non-factorizable ribbon structures and
no triangular ones. The symmetric centre Z3)(ugslz x N2-mod) is non-semisimple.
Moreover, it containts infinitely many indecomposable objects.

Let =46 for k € Z>o and €,6 € {0,1}, be

[I]
o

the vector space C2**e+9+1 equipped with ( >
Xte'=0"", X"e"=0" X*of =0, KK\ o
X+
Xtell=0o',  x el=0, xTell=0" x7ell =0 " Gl )
\X‘
fory=1,...,k . X>H)2
K,e® = i“"e™ fora=1,..., ke8¢, \X+
~
K,of = i*"8716f for B=1,... k+1, -
\X+
and for all o, 8 et X’>> ok
N K, K,
Ke® = —e%, e =Fe*=7"e"=0 *
(3[5] LX >>ok+1

Koﬂ:oﬁ,EoﬂzFo’a:Zioﬁzo.
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