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=0 THE Two-BoDY PROBLEM

Gravitational wave physics requires high precision (LIGO/LISA etc).

f - o EOM: 82h,,, = T,
b 5 1{/}2} 0 f e Complicated: spin, tidal
""""""""""""" /;{z;?;f'; = effects, radiation, modified
<; Mz theories...

e Simpler: 0" Fu., = ju

Can also consider dual solutions to these theories:

For two-forms X,..,, the Hodge dual is X, = 3&,up0 X7
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- . VACUUM SOLUTIONS AND THEIR DUALS

Maxwell Linearised GR
"Fu =0, 0*Fu =0. 8" Cuvps =0, 0" Cpuvpo = 0.
If F,.. solves these, so does If C solves these, so does
F, = cos0 Fp, + sin0 Foo. Crivpo = €050 Cpypo + sin 0 Covpo.

Charge e = Qcosf, g = Qsin6 Mass m = Mcos6, n = Msin 6

ELECTRIC-MAGNETIC DUALITY

One-parameter family of solutions to Maxwell and linearised GR, e.g.
Coulomb (Q,0) <«+— Dyon (e, g)
Schwarzschild (M,0) <— Taub-NUT (m, n)

This talk: Mostly about classical dyons, explored with scattering amplitudes.
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=0 WHY AMPLITUDES?

Many benefits

e on-shell data e recursion e soft theorems

o factorisation e spinor-helicity e unitarity cuts

Some downsides: quantum baggage, Fourier transforms, weak field...

+,

Classical physics: i — 0 —use KMOC.
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=0 KOSOWER-MAYBEE-O’CONNELL FORMALISM

CLASSICAL OBSERVABLES FROM AMPLITUDES

A0 = lim [(IS'OS|y) - (IOy)

Start from a two-particle quantum state
%) :/ (p1,p2)€' > |pr, p2)
P1:P2

Expand S = 1 + /T and consider operators O = {P*, J*¥ W# A" h*" ..}
Observables:

The impulse Ap*, the angular-impulse AJ*”, waveform Ah,, and others.
Observables directly from amplitudes: No EOM required.

Let’s see how to compute these.
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- . IMPULSE FROM AMPLITUDES

The impulse is given by
Ap* = (ISP, S]|y) =~ (@i[P*, T]|y) + O(TT")
Amplitudes:
(P}, P& TIp1, p2) = Aslpr. p2 — ph, pl = 8 (D" pi)Aalpr, p2 — P}, 5]
Leading order
Apt =i / d*gb(2pr - 9)5(2p2 - 9)e7°q" Aalpr. p2 — p1 + G, p2 — q
- i/31(§ge”q'bq“A4
q
Equivalent to the leading-order result in e.g. scalar QED
Ap“—/dr /d eF"" (x(7))u.(7) Q
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=0 ANGULAR IMPULSE FROM AMPLITUDES

The angular impulse is given by
A = ([STI", S][0) = (@[I[XFPT, T]jg) + O(TTT)

expand in amplitude, use X = iy,
A" = / bi6267"% ((pi+ @) Op) g + P 0})) 691 + o) As
1,92

. tedious algebra, IBPs, defining y/* = p/* — ”r’nff Pl

A" = bprap! — / 516,679 B’/ p;,) +p,“‘a”}] Aq

Second term important, see later!
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=0 WAVEFORM FROM AMPLITUDES

The waveform is given by
AF™ = (IST[F*,S][¢p) = (@i[F*, T]|y) + O(TT")

As an operator, F** ~ a' + a, we get

AP =Y [ e ke ol pla’ (0TI, )
91,42

n

= Z/ e UK As[pr, p2 — pi + G, P2 + Ge, K]
a1,q2

n
In gravity: kl#er! — klngr kleg]

AR (k) = 2/ e "N K K Ms[or, p2 — p1 + Gr, 2 + G K]
a1,92

n
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-. AMPLITUDE SOLUTION WEBS

Observables «» Amplitudes «+ Classical solutions: 4pt amplitudes generate
impulses, 5pt amplitudes generate waveforms.

Deform amplitudes — generate new classical solutions!

Gravity Schwarzschlld > Kerr

A4

Taub NUT —> Kerr- Taub NUT

g—————> Spin E
/ Coulomb Kerr
Duality / /
Gauge Theory

Dyon > Splnnlng Dyon

We can use on-shell duality rotations to scatter Dyons or Taub-NUTs. @
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=0 ON-SHELL ELECTRIC-MAGNETIC DUALITY
We can apply duality rotations on-shell to 3pt amplitudes:

jé\ — OMi(ur-"(Q)° = QSMi(u; - "(q))Te™,

where Q] = V20, Qf = 5xM.

We identify Qe = e + ig or Me’® = m + in.

We can construct four-particle amplitudes by factorisation

S S .
E{ -y M;§2M2 (us - €"(q)ue - € ()™
h=+

_ f(pi.01) | 9(pi, 1) (pr. p2, 1, G)
P % n-q
where we used
1 N9y uv(N, Q)
+F_ 1 R D) u ) X
€u €y = 2(77,,” n.q)il 2n-q Cp
- . Ihisis general (gauge + gravity). Let’s look at one loop for dyons only o
Q " p
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=0 ONE-LOoOP AMPLITUDES FOR DYONS

We can also look at one-loop amplitudes with classical parts

/

p1 P1

P2 P2

On the cuts, amplitude becomes

AV —ix [ 3 Aslpr, " As[p}, g — (™ Aulpe, 5, —, —q + (] " "
‘ ¢ 2(q — £)?

by, ho=-+

Surprisingly, at one-loop, A" = A€, All phases cancel!

Easily understood: only opposite helicity exchange at one-loop.
Amplitude governed by eje> + g1g» only, matches 2PL worldline calculation. @

Gravity less easy, as we will discuss! o
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@) DIRAC-MISNER STRINGS

Problem: Amplitudes apparently depend on n*...
Famous Dirac string in EM or Misner line in gravity.
Various interpretations, but from amplitudes: n - e*(q) = 0.

Is there really n-dependence? Classical part is given by
Propagators is cut: g2 =0 = q - pi.
n =n*+cig" + copf + caph

on this support, we find

e(p1, P2, 1,q) _ (P1,P2,1, Q)
n-q n-q

No real n-dependence classically, just gauge.
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IMPULSE FOR DYONS

Plug in general dyonic-amplitude

_ib-g [ T(pi, 0 iy O
Apgyons = / e 9 ( (P )qM + 9(p )EH(Pth, q))
q.L

G Q?
1 f(pi, 0i) a(pi, 0) )
= - b* + *(p1,p2, b
AnMiMar/~2 —1 ( b? g o Phpeb)

Using g*&"*°™1 = 0 and q - p; = 0. Manifestly n-independent!

Matches classical expression, in E&M
ap' = [ dr (oF*(x(r)) + g (x(r)) uu(r)
or in gravity
80 =~ [ (M2 (x(7)) 4 N () 4 () 7)

No need for one-loop, adds nothing new.
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=0 ANGULAR IMPULSE FOR DYONS

Plug in explicit four-dyon amplitude: two charge invariants

A, — Here2+01G:)(p1 - p2) | (€192 — €291) £(P1, P2, 1. )
‘T P * 7 n-q

to find

[1 ]
vl v] (61 e + g1gZ)U1 U2
Angon =b HApdyan - 471_(72 — 1)3/2

Inb/bo

Notice that if Ap” ~ b*, then bl* Ap*! = 0: dyon generates angular
momentum!

N )
Paon = omy7—1

Second term more interesting: no mixed e1g> — e>g1 contribution! Similar
term in gravity: (Mi N> — NiM>) also absent.

" (i, u2)

No Taub-NUT contribution to the late-time log terms. Let’s calculate it
classically.
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=0 LoG TERM FOR DYONS

Dyonic Lorentz force
a2xt ()

a
ar?

dXV(T) ax, (1)

ar ’

= eaFg‘”(Xa( )) +gaF'uV(Xa( ))

Straight line plus a recoil term: x4 (1) = b* + ub T + z& (7). Asymptotic fields

U[[)M v]

e et up, U, _
Flv = 25 _&ﬂJFO(T 3)

Amr2 (2 - 1) ATz (or )
Plug in to find no e1g> — e>gs term
a2zl (7) €a6p + gaQp UL + UL s
Ma = O(r
dr? ; 4r T2 (12 —1)%2 ( )

J* from late-time path x* = b* + u*7 4 ¢4 InT /7 to find

(€a€b + gagh)uluy!)
4r(y2 —1)3/2

A = X apd + axttpd = e apy) — InT/70

Classical ‘late-time’ log emerges as a large-b log in KMOC.
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=0 WAVEFORMS AND DUALITY

To compute the Waveform, we need the 5pt amplitude

Problem: fully non-linear GR lacks global helicity rotation symmetry.

How do we dualise this? %g

Similar in spirit to the Kerr Compton problem (no consistent Compton for
higher spins > 2).

Won't solve this now — let’s look at the soft limit instead.
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SOFT RADIATION TO THE RESCUE

Single soft-limit just requires 3pt amplitudes, which we know how to dualise
As[p1, p2 — pi, Pa, k — 0] = (Z Sf(k)> Aslpr, p2 — pi, p2]

First two orders universal

s', =3 are ((p,‘ (k) (pi- En(k))s> |

=12 pi -k pi-k
) o (PR (pr (k)
So—i;zo,e ( p, -k pi -k

These are duality-safe in gauge and gravity.

These act on amplitudes, however: we want classical radiation. Let’s see
how to get it.
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FroM KMOC 1O CLASSICAL SOFT THEOREMS

We want classical soft radiation, so we take the classical limit using KMOC.

Prescription:

~
Q @ y

Take KMOC expectation of an operator (0) ~ (a+ a')

KMOC wavepackets localise classical particles on-shell, pj = mju; + q;
with gi ~ h

Radiation momentum k* ~ h: expand in g, k < pj

Carefully take 1 — 0 limit, keeping q;/h, k/h as fixed classical
wavenumbers

Under the integral, expand 5pt into soft x 4pt

Identify classical observables that emerge, e.g. impulse Ap/" = fq ql' As,
AJH.
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=0 ELECTROMAGNETIC DYON WAVEFORM

For s = 1, the leading order waveform is

AF’_G”(k)=Z/ k[u€;1sg1(k)A4:/ S (K)As.
n 7 ana *

G2

Where S"| expanded around p’ = p+ g > p+ kis

Kiegh  (k-goktp! Ktk pr, )
uv o Z . i A i bk e
S = <el k- pi @ (k- pi)? Y K- pi -

I

Integrating against g; and identifying the impulse Ap} = fq g* A4, we find

<e_k[mp,”] o Uk dpklep! Kk, p Ap,-)>

AFMI(k) ="

T V) N (R0

p z
A
‘ @ h (
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=0 SUBLEADING SOFT RADIATION

For s = 1, the subleading order waveform is given by
AFP(K) = / 518250 (K)As
g1,92
where, defining J* = k,J"” = p"k - dp — k - pdL, is

Kiegrh e g g Iy e (k, )
2 — . I _ A i H} yYi) s YiI
St (k)Z(e,k.p; S p T kP e

1

expanding around p’ = p + g > p + k as before and identifying AJ*” and
Ap" as before, we find
Kklk Ag¥] (k- Ap,)k[u:jv]
AF! (k) = e ( — ! )
0 ( ) /;2 kp/ (ka)Z
_ Z Ig <k . Apjsuu(:IHK) — k- p;s“”(AJ,-,k))
(k- pi)?

j=1,2
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=0 TAUB-NUT WAVEFORM

For s = 2, we use the radiative Weyl. The leading waveform is

INCSEDY / (K& (K)] [KP27 (k)] S7o(K) As = | 8157 (K) As
n V91,02
Keap?  (k-ap) kp?! .
— gz [cos(@,-) ( b ( (k'/) - Kep?l 4 () (po)
; Pi Pi
k[HEV](k,ph Apl)
(k-pi)?

where we played the same game as before, identifying the impulse Ap; and
dual impulse (k, pi, Ap;) via their KMOC integrals.

— isin(6) Kepfh + ()< (po)| + -

Subleading waveform is work in progress...
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=0 THE MEMORY EFFECT

Permanent change in the field at null infinity after a burst of radiation.

In retarded coordinates (u, r, z, Z), define

<<

<« - .

AV SA == /du FMVZMQZ7

=

/ This is the memory vector.
M~ 00

7* defined such that 7 - k = w and &4 = 2222 s purely angular.

axA
After the wave, test electric charges é experience an impulse (kick) on the
sphere
e
AVA - EEA

In gravity, we get a permenant displacement Ax of test masses on the
celestial sphere, no velocity kick. Just look at dyons today!
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=0 Dyonic MEMORY EFFECT

Using k* = wl* and e4 - £ = 0, we get
(‘EA = AFLWZ €A,
_ Z ( ABpa_ (E-Ap)Pa igE(eA’g’ PnAPr‘))

"0 p e (¢ pi)? (€- pi)?
0 Apj
= zj:(eiDA +gi€ABDB)f;

where Ds = €} 2; and we used

e(en,t,pi, Ap) = ieag (Ap- Op° — (- )5P%)

Even nicer duality symmetric form

Ep = Rez O,»e")’(DA + I'EABDB)%

Dyonic test particles on the celestial sphere experience a velocity kick.
Direction determined by e;, gi, 6 = [0, 7/2].
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=0 SUBLEADING DYONIC MEMORY

We can now compute the subleading memory effect
Ea= AF), K" e,
{ (ZNAJ; (- Ap,)E#Jﬁ) 5 (&LAJ,.“B’ (- Ap,)éM%) ]
= Z € + gi€a
i

L pj (- pi)? L-pj (- pi)?

This memory has no r-dependent (e1g> — e2g1) contribution, consistent with
the angular momentum calculation.

Define my = ex + icaPeg, and we can write this as

_ ooy (LD (- Api)ludi
SA_Z-:QIe (”Pi (£ pi)?

Gravitational memory is work in progress.
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=0 SUMMARY

e Classical observables in dual theories can be computed directly from
amplitudes: no EOM needed.

e Observables from duality-rotated 3pt amplitudes + factorization:
memory, waveform, impulse, angular impulse.

e Late-time log terms have trivial dyonic/NUT contribution.
e We derived classical duality-covariant E&M observables from KMOC.

e Memory derived directly from duality-rotated on-shell amplitudes.
Constant contribution to memory at subleading order, from AJ.
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OPEN QUESTIONS

How to understand Taub-NUT memory from Amplitudes?
How to dualise the Compton amplitude? Not possible in GR?
Spinning soft waveforms and memory? Use Newman-Janis:

Az — As e"‘”a'q.

Duality-rotated waveform double copy? Dual-memory double copy?

Thank you for your attention.

Any questions?
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