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» A = (aj;)ijer = generalized symmetrizable Cartan matrix,
» Uq(g) = quantum group associated with A,
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» A = (aj;)ijer = generalized symmetrizable Cartan matrix,
» Uy(g) = quantum group associated with A,
> A,4(n) = quantum unipotent coordinate ring, which is >~ (U, (g))",

> G"P(00) = upper global basis (or dual canonical basis) of Ag(n),
> B(o00) = crystal basis of U, (g),

B(00) <> G"(o0)
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Motivation

» A = (aj;)ijer = generalized symmetrizable Cartan matrix,
» Uy(g) = quantum group associated with A,

v

Ag4(n) = quantum unipotent coordinate ring, which is ~ (U (g))",

v

G"P(00) = upper global basis (or dual canonical basis) of Ag(n),
B(oc) = crystal basis of U; (g),

v

B(00) <> G"(o0)

» R = quiver Hecke algebra (or KLR algebra) associated with A,

» R-gmod = finite-dimensional graded R-module category,
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Ag(n(w)) = subalg of Ag(n) gen. by dual PBW vectors w.r.t. w € W,
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Ag(n(w)) = subalg of Ag(n) gen. by dual PBW vectors w.r.t. w € W,

> G"(w) := G"(00) N Ag(n(w)) : basis of Ag(n(w)) (Kimura])

Crystals : B(w) -~ G"P(w)

where B(w) := {b € B(c0) | G"P(b) € G"P(w)}.
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Ag(n(w)) = subalg of Ag(n) gen. by dual PBW vectors w.r.t. w € W,
> G"(w) := G"(00) N Ag(n(w)) : basis of Ag(n(w)) (Kimura])

Crystals : B(w) -~ G"P(w)

where B(w) := {b € B(c0) | G"P(b) € G"P(w)}.

> A (n(w)) has a quantum cluster algebra structure.
([GeiB-Leclerc-Schroer 1], [Goodearl-Yakimov])

Cluster alg str : {cluster monomials} — = G"P(w)

([Kang-Kashiwara-Kim-Oh], [Qin])
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Ag(n(w)) = subalg of Ag(n) gen. by dual PBW vectors w.r.t. w € W,
> G"(w) := G"(00) N Ag(n(w)) : basis of Ag(n(w)) (Kimura])

Crystals : B(w) -~ G"P(w)

where B(w) := {b € B(c0) | G"P(b) € G"P(w)}.

> A (n(w)) has a quantum cluster algebra structure.
([GeiB-Leclerc-Schroer 1], [Goodearl-Yakimov])

Cluster alg str : {cluster monomials} — = G"P(w)

([Kang-Kashiwara-Kim-Oh], [Qin])

> 3 subcategory C,, of R-gmod such that K,(Cy) ~ Ag(n(w)).

Categorification : {simples in C\y} <——— > B(w)

([Varagnolo-Vasserot]) ([Lauda-Vazirani])
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[e]e] le]e}
Three structures related to A,(n(w))

Crystals

B(w)

cluster monomials
= [[(exchangeable) [ [(frozen)
Categorification Cluster algebra structure
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Motivation
[e]e]e] le}

Three structures related to the localized algebra A (n(w))

Crystals
B(w) localized crystal
ilfl
éup(w)
{simples in 5 ) cluster monomials
P v = [](exchangeable) [](frozen)**
Categorification Cluster algebra structure
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Motivation
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We set

Nw = quantum twist automorphism of the localized alg Aq(n(w))
introduced by [Kimura-Oyal.
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We set

Nw = quantum twist automorphism of the localized alg Aq(n(w))
introduced by [Kimura-Oyal.

» 7, is a quantum analogue of the Berenstein-Fomin-Zelevinsky twist

automorphisms on unipotent cells.
(s 7 other quantum twist automorphism by Berenstein-Rupel.)
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We set

Nw = quantum twist automorphism of the localized alg Aq(n(w))
introduced by [Kimura-Oyal.

» 7, is a quantum analogue of the Berenstein-Fomin-Zelevinsky twist
automorphisms on unipotent cells.
(s 7 other quantum twist automorphism by Berenstein-Rupel.)

» 1, is related to the dual functor under monoidal categorification
([Kashiwara-Kim-Oh-Park]) and the syzygy functor under the additive
categorification ([GeiB-Leclerc-Schréer 2]).
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Motivation
[e]e]ee] }

We set

Nw = quantum twist automorphism of the localized alg Aq(n(w))
introduced by [Kimura-Oyal.

» 7, is a quantum analogue of the Berenstein-Fomin-Zelevinsky twist
automorphisms on unipotent cells.
(s 7 other quantum twist automorphism by Berenstein-Rupel.)

» 1, is related to the dual functor under monoidal categorification
([Kashiwara-Kim-Oh-Park]) and the syzygy functor under the additive
categorification ([GeiB-Leclerc-Schréer 2]).

> 1, is related to the notion of green-to-red sequence or
injective-reachablity in cluster algebras.
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Motivation
[e]e]ee] }

We set

Nw = quantum twist automorphism of the localized alg Aq(n(w))
introduced by [Kimura-Oyal.

» 7, is a quantum analogue of the Berenstein-Fomin-Zelevinsky twist
automorphisms on unipotent cells.
(s 7 other quantum twist automorphism by Berenstein-Rupel.)

» 1, is related to the dual functor under monoidal categorification
([Kashiwara-Kim-Oh-Park]) and the syzygy functor under the additive
categorification ([GeiB-Leclerc-Schréer 2]).

> 1, is related to the notion of green-to-red sequence or
injective-reachablity in cluster algebras.

Goal: Interpret n,, in terms of crystals!
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Localized crystals
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Localized crystals

» A :=(aj)ijer (symmetrizable generalized Cartan matrix)

» MN:={a;| i€ I} (simple roots)

» MY :={h;| i€ l} (simple coroots) ({hj,c;) = a;; for all i,j)
> Q:= P, Za; (root lattice)

> P := weight lattice, PV := dual weight lattice

» A; € PT : fundamental weight (i.e., A;(h;) = &;)

> W := Weyl group associated with A
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Localized crystals

» A :=(aj)ijer (symmetrizable generalized Cartan matrix)

» MN:={a;| i€ I} (simple roots)

» MY :={h;| i€ l} (simple coroots) ({hj,c;) = a;; for all i,j)
> Q:= P, Za; (root lattice)

> P := weight lattice, PV := dual weight lattice

» A; € PT : fundamental weight (i.e., A;(h;) = &;)

> W := Weyl group associated with A

Definition (Quantum group)

(i) Ug(g) := the k-algebra generated by e;, f; (i € I) and g" (h € P)
satisfying certain defining relations determined by C.

(i) Uy (9) := the subalgebra of Uy(g) generated by f; (i € /).
(iii) Ag(n) := the dual of U, (g) (quantum unipotent coordinate ring)
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Localized crystals
(o] Jelele]

Definition (Crystals)
A Ug(g)-crystal is a set B endowed with maps ¢j, €;: B — Z U {oo},
wt: B — P and
&, f;: B— B U{0} (forall i€ 1)

which satisfy the following conditions:

> ...

> for b,b' € Band i€ l, b’ = &b if and only if b= b/,

> ...

crystal B ~~~~> crystal graph with arrows induced from f;

vertices : B, arrows : b - b’ iff b = f:(b)

University of Seoul
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Localized crystals
[e]e] le]e]

Definition
(i) B(oo) := the crystal of the half U (g)
(i) B(A) := the highest weight crystal for A € P*
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Localized crystals
[e]e] le]e]

Definition
(i) B(oo) := the crystal of the half U (g)
(i) B(A) := the highest weight crystal for A € P*

Choose and fix w € W. We then define
> A (n(w)) = subalg of Ay(n) gen. by dual PBW vectors w.r.t. w,
> GUP(w) := G"P(00) N Agy(n(w)),

> B(w) :={b e B(x) | G"P(b) € G"P(w)},

where GU"P(b) is the member of G"P(c0) corresponding to b.
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Localized crystals
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Definition  (quantum unipotent minor)

D(wA, N) € G"P(w) corresponding to the extremal vector wup € B(A).
(* up is the highest wight vector of B(A)).

Note D(wA;, A;) is frozen in Ag(n(w)).
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Localized crystals
00080

Definition  (quantum unipotent minor)

D(wA, N) € G"P(w) corresponding to the extremal vector wup € B(A).
(* up is the highest wight vector of B(A)).

Note D(wA;, A;) is frozen in Ag(n(w)).

Definition (Localized quantum unipotent coordinate ring)
Aq(n(w)) := localization of Ag(n(w)) by D(wA;, A;) for i € I.
GUP(w) := upper global basis of Kq(n(w)).
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Localized crystals
0000e

For i € I, c; € B(w) corresponding to the frozen D(wA;, A;).
Definition (Localized crystal)
B(w) := B(w) x %'/ ~,

where ~ is defined as follows:

let (b,a),(b',a’) € B(w) x Z®' and write a = (a;)ic; and @’ = (a})ic/.
Define
(b,a) ~ (blva/)

if 3 a positive integer N such that N + min;¢;{a;,a}} > 0 and

G () [T G n(e)" 2 =q G*P(6) [T GP(e) .

i€l i€l

Note
» B(w) has a crystal structure ([Nakashima], [Kashiwara-Nakashimal).
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Crystal-theoretic analogue of 77,
[ JeJele]

Crystal-theoretic analogue of 7,

Definition (Quantum twist automorphism)

Nw = the automorphism on the localized algebra A,(n(w)) defined by
Nw(D(VA, N)) =4 D(wA, N)ID(wA, vA)

for any v € W with v < w and A € PT .

Proposition ([Kimura-Oya]) 7, permutes G"P(w).
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Crystal-theoretic analogue of 77,
[e] Tele]

Let R = quiver Hecke alg, R-gmod = cat. of f. d. Rmodules

Definition (Categorification using quiver Hecke algebras)

Cy = full subcat of R-gmod consisting of modules M s.t.
W(M) C spang_ (AT NwA™),

where W(M) ={y € Q. N(B— Q) | (7,8 — )M # 0}, A" is the set
of positive roots, and A= = —A™T.
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Crystal-theoretic analogue of 77,
[e] Tele]

Let R = quiver Hecke alg, R-gmod = cat. of f. d. Rmodules

Definition (Categorification using quiver Hecke algebras)

Cy = full subcat of R-gmod consisting of modules M s.t.
W(M) C spang_ (AT NwA™),

where W(M) ={y € Q. N(B— Q) | (7,8 — )M # 0}, A" is the set
of positive roots, and A= = —A™T.

Definition (Localized category)

5W := the localization of C,, by simples corr. to D(wA;,A;) for i € /
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Crystal-theoretic analogue of 77,
[e]e] o]

Then we have
(i) Kq(Cw) = Aggry(n(w)).
(i) Cy is a rigid monoidal category, i.e., Z,, := right dual functor of C,,.

(iii) 2., permutes G(w) := { simple objects in C,,}.
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Crystal-theoretic analogue of 77,
[e]e] o]

Then we have
(i) Kq(Cw) = Aggry(n(w)).
(i) Cy is a rigid monoidal category, i.e., Z,, := right dual functor of C,,.

(iii) 2., permutes G(w) := { simple objects in C,,}.

Note Ishibashi-Oya show that

ot = [24] on the bases (~}“p(w) and a(w)

Euiyong Park University of Seoul
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Crystal-theoretic analogue of 77,
[e]e]e] )

Definition (Crystal-theoretic analogue of 7,,)

The permutation B _
Dy, : B(w) = B(w)

is defined to commute the following:

G(w) = B(w) = G2 (w)
[@W]l DW\L nwli
G(w) = B(w) = GP(w)
Categorification Localized crystal Quantum coor. ring
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Two crystal parameterizations of B(w): PBW and String

Leti:= (1, f,...,im) € R(w) be a reduced expression of w.
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Two crystal parameterizations of B(w): PBW and String

Leti:= (1, f,...,im) € R(w) be a reduced expression of w.

PBW parametrizations
(i) For any b € B(w), define
PBWi(b) :=a = (ai)ies € 25,
such that G"P(b) =q—¢ dual PBW monomial F"P(a) w.r.t. i.
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Two crystal parameterizations of B(w): PBW and String

Leti:= (i, f2,...,im) € R(w) be a reduced expression of w.

PBW parametrizations

(i) For any b € B(w), define

PBW;i(b) :=a = (a;)ies € Zgo
such that G"P(b) =q—¢ dual PBW monomial F"P(a) w.r.t. i.
(i) We have B(w)——> P;(w) , where
Pi(w) := {PBW;(b) | b € B(w)} = ZZ,.
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Two crystal parameterizations of B(w): PBW and String
Leti:= (i, f2,...,im) € R(w) be a reduced expression of w.
PBW parametrizations
(i) For any b € B(w), define
PBW;i(b) :=a = (a;)ies € Zgo

such that G"P(b) =q—¢ dual PBW monomial F"P(a) w.r.t. i.

(i) We have B(w)——> P;(w) , where

Pi(w) := {PBW;(b) | b € B(w)} = ZZ,.

(iii) We have %; : B(w) L Pi(w) , where

Pi(w) := Pi(w) + ZZ(PBWi(Ck)) =Z7",
kel
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Main theorem
0@0000

String parametrizations

(i) For any b € B(w), define
STRi(b) = (tk)ke[l,m]7

where t; = ¢, (b), to = €, (82(b)), ..., tm = £, (&7 -+ - 82&1(b)).

im—1 i iy
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Main theorem
0@0000

String parametrizations

(i) For any b € B(w), define
STRi(b) == (ti)ke[t,m>
where t; = ¢, (b), to = €, (82(b)), ..., tm = £, (&7 -+ - 82&1(b)).
1-1

(i) We have B(w)<—= S;i(w) , where

Si(w) := {STRi(b) | b € B(w)} C Z%,.
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Main theorem
0@0000

String parametrizations

(i) For any b € B(w), define
STRi(b) == (ti)ke[t,m>
where t; = ¢, (b), to = €, (82(b)), ..., tm = £, (&7 -+ - 82&1(b)).
1-1

(i) We have B(w)<—= S;i(w) , where

Si(w) := {STRi(b) | b € B(w)} C Z%,.

(iii) We have &; : B(w )<L>S( ) . where

Si(w) == Si(w) + > _ Z(STRi(ck)) = Z".

kel
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00e000
Main result

Fori= (i1, i2,-..,im) € R(w), we have two parameterizations:

(i) PBW parametrization PBi : é(w) . ﬁi(W) )

(i) String parametrization Si: B(w) i>FSV.(W) .
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00e000
Main result

Fori= (i1, i2,-..,im) € R(w), we have two parameterizations:

(i) PBW parametrization PBi : é(w) . ﬁi(W) )

(i) String parametrization S . B(w) i>FSV.(W) ,
(iii) The bijection ¢ := &; o B, !, i.e.,
B(w)
Zm = Py(w) v Siw) =z

Euiyong Park University of Seoul
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Main theorem
000e00

Recall D,, : B(w) it B(w)  (crystal-theoretic analogue of 7,)

Theorem ([Jung-P.]) For any b € B(w),

(i) PBWi(Dw(b)) = ¢ ' o M o Ni(~PBWj(b)),
(i) STRi(Dw(b)) = —M; o N; o4 (STRi(b)),

where m x m matrices Ni = (np,q)p,qep,m» Mi = (Mp,q)p,qe[r,m defined

h,',S,' Sj -5 if p< )
by npg=<—-1 ifpt=q, mpg= {é P oM otlljer_w‘i:;e

0 otherwise,
where kT :=min({m+ 1JU{k+1<j<m|ij=i}

Euiyong Park University of Seoul
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Main theorem
[e]e]e]e] Je]

Remark

» When it is of finite type, ¢; can be computed by using SageMath
computer program. Thus, the D, can be computed by using
SageMath.

» We obtain similar formulas in terms of g-vectors.

» The theorem gives an answer to the problem by Nakashima:

"Describe 2,,(M) explicitly in terms of crystals.”

Euiyong Park University of Seoul
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Main theorem
O00000e

(Idea of proof)

(a) Cosider two kinds of g-vectors g-(b) and gR(b) for b € B(w)
(b) ([Kashiwara-Kim], [Kashiwara-Kim-Oh-P.])

g (M) + g(Zw(M)) =0 for a simple module M € C,,.

(c) Consider the following commuting diagram:

B(w)
; V \ y
G (w) 2 Bi(w) (W) < Gl(w),

where [KK] = [Kashiwara-Kim] and [FO] = [Fujita-Oyal].

Euiyong Park University of Seoul
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Example

Type Az, w = wp, i = (1,2,1) € R(wp), i.e., B(co) = B(wp).

By direct computation,

c = hhle B(co) and ¢y = fhle B(o0)
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Example

Type Az, w = wp, i = (1,2,1) € R(wp), i.e., B(co) = B(wp).

By direct computation,

c = hhle B(co) and ¢y = fhle B(o0)

PBW parametrization

> B(o0) &5 Pi(wo) = {(x,y,2) | x,y,z > 0} = 73,
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Example
Type Az, w = wp, i = (1,2,1) € R(wp), i.e., B(co) = B(wp).

By direct computation,

c = hhle B(co) and ¢y = fhle B(o0)

PBW parametrization
> B(o0) &5 Pi(wo) = {(x,y,2) | x,y,z > 0} = 73,
» P;:=PBWj(c;) =(1,0,1) and P, := PBWj(c2) = (0,1,0) imply

9 1-1

B(OO) — ﬁi(Wo) = Pi(Wo) + ZPy + ZP, = 73.

Euiyong Park University of Seoul
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Example
(o] T}

String parametrization

> B(00) £ Si(wo) = {(a,b,c) |a>0,b> c >0} C Z3,.
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Example
(o] T}

String parametrization
> B(00) £ Si(wo) = {(a,b,c) |a>0,b> c >0} C Z3,.
» S;:=STRi(c1) = (0,1,1) and S, := STRy(c2) = (1,1,0) imply

B(co) =5 Si(wo) = Si(wo) + ZS, + Z.S, = 73.

Euiyong Park University of Seoul
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Example
(o] T}

String parametrization

> B(00) £ Si(wo) = {(a,b,c) |a>0,b> c >0} C Z3,.

» S;:=STRi(c1) = (0,1,1) and S, := STRy(c2) = (1,1,0) imply
B(0) 4= Si(wo) = Si(wo) + ZSy + 7.5, = 73.
The bijection v : Pi(wp) — Si(wo)

Yi(x,y,z) = (x+y —min{x, z},y + z, min{x, z}).

Euiyong Park University of Seoul
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Example
[efe] ]

By a direct computation, we have

1 0 -1
N=10 1 0 and M;=1{0
0 0 1

(e) =
(o
=~ O

Euiyong Park University of Seoul

Crystals and quantum twist automorphisms



Example
[efe] ]

By a direct computation, we have

1 0 -1 110
N=10 1 0 and Mi=|0 1 1
0 0 1 0 01

Computation for D!
For PBW;(b) = (x, y, z), we have

PBW;(D (b)) = —N; ' o M; ! 0 ¢i(PBW;(b))

= (—x+z—min{x, z},—y — z 4+ min{x, z}, — min{x, z})

Euiyong Park University of Seoul
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Applications
000000

Applications

Combinatorial side (Minuscule crystals)

When it is of finite classical type, t = minuscule index and b € B(c0)
such that b* € B(A;),

we give an explicit description of D(b) in terms of M;, N; and the

combinatorics of (shifted) Young diagrams.

Note  There is a (shifted) Young diagram realization of the minuscule
crystal B(A¢) ~ { (shifted) Young diagrams with certain conditions}

Euiyong Park University of Seoul
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Applications
0@0000

Computational side ( Periodicity of 7,, - maximal parabolic case)

For w € W, define g(w) := the smallest positive integer k s.t.
DX (b) =g b for all b € B(w), (up to a multiple of frozens.)
We set

> W= (si|iel\{t}h) CW
> x; := the longest one in W, \W

(Type A,) For any t € I, we have

1 ift:]w”a

2 ifn=3and t =2,
o(xt) = n+1 ifn>4and t=2,n—1,

At e pen

ged(n+1,1t)

Euiyong Park University of Seoul
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Applications
[e]e] lelele)

Observation (based on computer programs using SageMath)

Let t € /. Then p(x;) looks finite <= t is minuscule or cominuscule.

(1) When the Weyl group is of type B, or Cp:

(a) If t =1, then o(x1) = 2.

2 ifn=2,
(b) If t = n, then o(x¢) =
4  otherwise.

(2) When the Weyl group is of type D:
(a) If t =1, then o(x1) = 2.
2 ifn=4,
(b) If t € {n—1,n}, then o(x) =< 8 if nis odd,

4 otherwise.
(3) When the Weyl group is of type Es and t € {1,6}, we have g(x;) = 6.
(4) When the Weyl group is of type E7 and t = 7, we have o(x;) = 4.

Euiyong Park University of Seoul
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Applications
[e]e]e] lele)
More observation (parabolic cases in type As)

o(xy) for 4 C 1 ={1,2,3,4,5}
where x; = longest one in W, \W, and W, = (s; | j € J).

J () J o)
0 6 {1,2} 10
{1,4} 16 2,3} 10
{2,5} 16 (3,4} 10
{4,5} 10 {1,2,3} 7
{1,2,4} 14 {1,2,5} 14
{1,3,4} 9 {1,4,5} 14
{2,3,4} 2 {2,3,5} 9
{2,4,5} 14 {3,4,5} 7
{1,2,3,4y | 1 {1,2,3,5} 6
{1,2,4,5} | 4 {1,3,4,5} 6
{2,345y | 1 | {1,2,3,4,5} | 1

If J is not in the list, then it looks like o(x;) = co.
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