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Hecke-Clifford algebra

Let K be an algebraically closed field with Char(K) # 2, ¢ € K* satisfying
¢® # +1, and denote € := ¢— ¢~ € K*.

Definition (Hecke-Clifford algebra)

The superalgebra 7" has the presentation with (even) generators Ti,. .., T\,_1
and (odd) generators C, ..., C,, subjecting to the relations:
T?ZGTZ'-F]., TZT]: TjTi, T’LTH-sz: TZ'+1T7;TZ'+1, |Z—]| >1,
G =1,CC;=-CiC;, 1<i#j<n,
TiCi: Ci+1Ti, Tl'Cj: CjTi, ]7é Z,l+ 1.

@ G. I. Olshanski, Quantized universal enveloping superalgebra of type Q and a
super-extension of the Hecke algebra, Lett. Math. Phys., 24 (1992), 93-102.
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Affine Hecke-Clifford algebra

Definition (Affine Hecke-Clifford algebra)

The superalgebra #,, has the presentation with (even) generators Xlil, co XL
Ti,..., Tn—1 and (odd) generators Ci, ..., C,, subjecting to:
T2 =eTi+1, T;Tj=TjT;, TiTiy1Ti= Ti1 TiTiy1, |i—3j > 1,
C?=1,CiC;=—-CiC;, 1<i#j<mn,
TZC,L: Ci+1 Ti7 TZCJ: OJTZ, _]7é Z,’L+ 1.

@ A. Jones and M. Nazarov, Affine Sergeev algebra and g-analogues of the
Young symmetrizers for projective representations of the symmetric group,
Proc. London Math. Soc., 78 (1999), 481-512.

Lei Shi (MPI) Cyclotomic Hecke-Clifford algebras 18.11.2025



Affine Hecke-Clifford algebra (continue)

Definition (Continue)
and more relations:
XiX; = X;X;, XiX; ' = X;'X; =1 1<4,j<n,
T:Xi = Xi1 Ti — €(Xiy1 + CiCi1 X,),
TiXiy1 = XiTs + €(1 + C;Ciy1) Xiya,
G E SR
X:Ci= CiX;', X;Cj= CjX;, 1<i#j<n

[@ A. Jones and M. Nazarov, Affine Sergeev algebra and g-analogues of the
Young symmetrizers for projective representations of the symmetric group,
Proc. London Math. Soc., 78 (1999), 481-512.
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g-values and b-values

For any ¢ € K*, we define

g+ ()"

q(e) :=2 o= €K,

In fact, we have
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Cyclotomic Hecke-Clifford algebra

@ Wefix m>0and Q= (Q1,Qq,...,Qm) € (K)™

Definition (Cyclotomic Hecke-Clifford algebra)
We define

£)=HZZ1<X1+X;1—q(Qi)),
fim 3 9= - DI (4 X0 - a(@),
fé” (- DX+ DI (X1+X (Qi)>.

Then the cyclotomic Hecke-Clifford algebra Y, is defined as H, := Ho/HnfHr.

[ J. Brundan, A. Kleshchev, Hecke-Clifford superalgebras, crystals of type A(Z)
and modular branching rules for Sn., Represent. Theory, 5 (2001), 317-403.
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2)
A

-Categorification

The field K is algebraically closed and Char(K) # 2¢ + 1, 2.

g= Ag), I={0,1,...,¢}, A € Py be any dominant integral weight.

¢* is a primitive 21+ 1-th root of unity.

K(o0) :=€D,,5 K(RepH,,).

K(A) =D, K(RepHL), where we set

f=h=&-0* J[ (%+x"—a@)”,

i€1\{0}

if A= aoAo+ Xien oy aili.

K(o0)*, K(A)* are the grading dual of K(o0), K(A), respectively.
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Ag)—Categorification

Theorem (Brundan-Kleshchev)

(A) There exists isomorphism K(co)* ~ U} (g) as graded (cocommutative) Hopf
algebras;

(B) For any dominant integral weight A, there exists Uz (g)-module isomorphism
(C) {The isomorphic classes of simple modules}~{Kashiwara's crystal basis}.

@ J. Brundan, A. Kleshchev, Hecke-Clifford superalgebras, crystals of type Aé?
and modular branching rules for S,,, Represent. Theory, 5 (2001), 317-403.
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Z-graded versions

@ Kang-Kashiwara-Tsuchioka introduced the (cyclotomic) quiver Hecke
superalgebras and (cyclotomic) quiver Hecke-Clifford superalgebras, and
proved that

Theorem (Kang-Kashiwara-Tsuchioka)

For type Ao, Bsoy Coos Agi)l, Agzl), C§1), Dgi)l, cyclotomic quiver Hecke-Clifford

superalgebra RC is isomorphic to cyclotomic Hecke-Clifford superalgebra H".

@ S.-J. Kang, M. Kashiwara and S. Tsuchioka, Quiver Hecke superalgebras, J.
Reine Angew. Math., 711 (2016), 1-54.
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For m > 0, we set

(@O,m = Ppm
n . n o
P = Uy (5 x PIL,),
y;s,m = Ua+b+c:n(<@2 X @z X @;n)

We also have the set of standard tableaux Std(Zs'™) for e € {0, s, ss}.
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Semisimple representation theory of cHCAs

@ Shi-Wan introduced a Poincaré polynomial ng)(qz,Q) for the cyclotomic
Hecke-Clifford algebras.

Theorem (Shi-Wan, 2025)

Suppose that P (q Q) #0 fore € {0,s,ss}. Then Y is split semisimple over
K, and all the simple modules {D(X) | A € Std(Z2™)} are classified.

[& L. Shi, J. Wan, On representation theory of cyclotomic Hecke-Clifford
algebras, arXiv:2501.06763.
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Primitive idempotents and seminormal bases of cHCAs

@ Based on Shi-Wan's work, Li-Shi constructed the complete set of primitive
idempotents and seminormal bases for the (semisimple) cyclotomic
Hecke-Clifford algebras (and cyclotomic Sergeev algebras).

@ Kashuba-Molev-Serganova constructed the complete set of primitive
idempotents (inductively) and seminormal bases for the Sergeev algebra .

[@ S.Li, L. Shi, Seminormal bases of cyclotomic Hecke-Clifford algebras, Lett.
Math. Phys., 115, (2025), 10.1007 /s11005-025-01998-x.

[d 1. Kashuba, A. Molev and V. Serganova, On the Jucys-Murphy method and
fusion procedure for the Sergeev superalgebra, J. Lond. Math. Soc. (2),
112(3) (2025), Paper No. e70302.
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9 (Super)symmetrizing forms and Schur elements of cHCAs
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Symmetrizing forms of superalgebras

@ Let A = Aj @ Az be an R-superalgebra, which is finitely generated free as
R-module, |- | : A — Zsy be the parity map.
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Symmetrizing forms of superalgebras

@ Let A = Aj @ Az be an R-superalgebra, which is finitely generated free as
R-module, |- | : A — Zsy be the parity map.

The superalgebra A is symmetric if 3 R-linear map ¢: A — R with #(Ag) =
such that #(zy) = #(yx) for any z,y € A and t is non-degenerate.

Definition
The superalgebra A is supersymmetric if 3 R-linear map ¢: A — R with

(A7) = 0 such that #(zy) = (—1)#1¥#(yz) for any homogeneous z,y € A and ¢
is non-degenerate.
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Frobenius forms of cHCAs

Proposition (Brundan-Kleshchev, 2001)

Let o = (a1, ...,ap) € [0,7—1]", 8= (B1,...,0n) € ZY and w € &,,, we define
the R-linear map ., by

Trn(X* C° Toy) i= 6(00,,),(0,0,1)-

Then 7., is a Frobenius form of H{l over R.
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Frobenius forms of cHCAs

Proposition (Brundan-Kleshchev, 2001)

Let o = (a1, ...,ap) € [0,7—1]", 8= (B1,...,0n) € ZY and w € &,,, we define
the R-linear map ., by

Trn(X* C° Toy) i= 6(00,,),(0,0,1)-

Then 7., is a Frobenius form of H{l over R.

In general, the form 7., is not (super)symmetric (7,.,(zy) # Tr.n(yz))!
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(Super)symmetrizing form of cHCAs

Recall the level r=degf, and r=2m if e=0,and r=2m+ 1 if e = s.
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(Super)symmetrizing form of cHCAs

Recall the level r=degf, and r=2m if e=0,and r=2m+ 1 if e = s.

Theorem (Li-Shi, 2025)

Let R be an integral domain with Char(R) # 2. Suppose that ¢, ¢+ ¢! € R*
and Q € (RX)™. Then we have the following.

(i) If e =0, then MY, is supersymmetric with the supersymmetrizing form
t'r,n = T’r,n<_ . (XlXZ to Xn>m>7

(i) Ife =s, and (1 + X1)(1+ Xo) - (1 + X,,) is invertible in H1,, then 1Y, is
symmetric with the symmetrizing form

b = rr,n(— (X1 Xy Xo)™1+ X)) (1 + Xa) -+ (14 Xn)).
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Symmetrizing form of #i"

Suppose that q is not a primitive 4l-th root of unity for 1 € {1,2,--- ,n}, then
Hfin is a symmetric superalgebra with symmetrizing form . e

Wan and Wang also gave a symmetrizing form 7" on Hfi" over C(q), where ¢ is

an indeterminate, and computed the corresponding Schur elements.

v

Lei Shi (MPI) Cyclotomic Hecke-Clifford algebras 18.11.2025

17 /26



Schur elements in symmetric case

For any V€ Irr(A), we write

0, if Vis of type M;
6(V) = o
1, if Vis of type Q.
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Schur elements in symmetric case

For any V€ Irr(A), we write

0, if Vis of type V;
5(V) = {

1, if Vis of type Q.

Proposition (Wan-Wang, 2013)

Suppose A is a split semisimple superalgebra over K and A is symmetric with a
symmetrizing form t. Then the Schur element cy for every irreducible A-module
V' is non-zero. Moreover,

1
t= ). FhgXv

Velrr(A)
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Schur elements in supersymmetric case

Proposition (Li-Shi,2025)

Suppose A is a split semisimple superalgebra over K and A is supersymmetric
with a supersymmetrizing form t. Then
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Schur elements in supersymmetric case

Proposition (Li-Shi,2025)

Suppose A is a split semisimple superalgebra over K and A is supersymmetric
with a supersymmetrizing form t. Then

(i) Every irreducible A-module V is of type M, and the Schur element cy is
non-zero.
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Schur elements in supersymmetric case

Proposition (Li-Shi,2025)

Suppose A is a split semisimple superalgebra over K and A is supersymmetric
with a supersymmetrizing form t. Then

(i) Every irreducible A-module V is of type M, and the Schur element cy is
non-zero.

(ii) If we fix the choice of representative in each isomorphism class of simple
module, then we have

t= Z %/X,V'

Velrr(A)

Lei Shi (MPI) Cyclotomic Hecke-Clifford algebras 18.11.2025 19/26



Schur elements of cHCAs

Theorem (Li-Shi, 2025)

Suppose that e € {0,s} and ng)(qz,Q) # 0 holds. Let A € &2, then the
Schur element ¢y of simple H)-module D(A) with respect to &, is given by

{ [T (b (res(a)) — by (res(a))) - q(A) ", ife =0,

C\ = aEX
S e g, ifo=s,
where
n I1 (q(res(k)) — q(res(5)))
q H BERem (tlr—1)\D 7
Pl I1 (a(rese(k)) — q(res(a)))

acAdd(tde—1)\{t71(k)}

for t € Std()), A € o™
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© Generalized graded cellular bases of cHCAs
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Generalized graded cellular algebra

Theorem (Li-Shi,2025)

Suppose f= fg). The cyclotomic Hecke-Clifford algebra HH% is a generalized
graded cellular superalgebra.
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Generalized graded cellular algebra

Definition

Suppose A is a Z-graded R-superalgebra which is free of finite rank over R and R
is concentrated on both Z and Z, degree 0. A generalized graded super cell
datum for A is an ordered hexaple (2, .7, B, C,deg, | - |), where (2, Q) is the
weight poset, 7 (\) and %), are finite sets for A € &, £, is a homogeneous
R-basis of R-superalgebra By (which is concentrated on Z-degree 0) for A € &
and C: | |yer T(A) X Bx X T(A) = A; (i, u,) = ¢y deg s | yep T (A) =
Z, | -] Uxes Z(X) = Zy are three fuctions such that C'is injective. Moreover,
we have the following conditions.
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Generalized graded cellular algebra

Definition (Continue)

(GCd) Each basis element ¢}, ;
Zo-degree |i| + |j| + |u|, where 4,5 € T(N),u € B, A € L.
()b,
i,j€ T (N), uel%’x,)\ez@

(GC2) We have ¢}, ;+ ¢}y i = c“H_u
(GC3) For any i, j, 4 /,]’ € ﬂ( ), u, u u'/ € B, A € &, we have a function
Tiw ‘A= Riawr ( a) such that for any a € 4 and ¢}, ; where
i,j€ T(N), uel%’x,)\eﬁ we have

is homogeneous of Z-degree deg(7) + deg(j) and
| i,j€ T(N),u€ B, \ € P} forms a homogeneous R-basis of A for

fori,j€ T(N\),u, v € By, \ € L.

A _ i A <X
ach yr j = g Tin (@)Cy oy (mod AT,
€T (N)
u’e&%
where
<N L A
AN = E Re; o, 4
(4w €T (W)X B x T (1)
JTASPY
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Generalized graded cellular algebra

Definition (Continue)

(GC4) For each A € &, there is an R-algebraic anti-involution wy on By and the

R-linear map * : A — A determined by (¢}, ;)" = c]).‘wk(u) ; Where

1,j€ T(N\),u € By, € & is an anti-isomorphism of A.

A generalized graded cellular superalgebra is a Z-graded superalgebra which
has a generalized graded super cell datum . The basis

{céu7j| ,j€ T(N),u€ By, € P} is a generalized graded super cellular
basis of A.

(1).Our generalized graded cellular superalgebra is a special case of generalized
standardly based algebra (Mori,2014).

(2).If we forget the Zy grading, and By = R, wy = idp for all A € &2 then we
recover the definition of Z-graded cellular algebra (Hu-Mathas, 2010).

(3).If we further forget the Z-grading, then we recover the original definition of
cellular algebra (Graham-Lehrer,1996).
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Generalized graded cellular algebra

Corollary

(1).[Hu-Mathas,2010; Evseev-Mathas,2024] Let R> be the cyclotomic quiver
Hecke algebra of type Agi)l or Cél). Then RA is a cellular algebra.

(2). Let RQ be the cyclotomic quiver Hecke superalgebra of type Ag), and

A = agAo + Xien oy @i\ with ag € 2Z. Then RQ ® Cy(a) is a generalized graded
cellular superalgebra.

(3). Let R: be the cyclotomic quiver Hecke superalgebra of type Dﬁ)p and

A = agAg + EieI\{O,l} a;\; + aiA; with ag, as € 27.. Then Ré X Cg(a) is a
generalized graded cellular superalgebra.
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Lei Shi (MPI)

Thank You!
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