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Classical nonsmooth multipliers

Let @ C R"™ of non-zero measure, the idempotent multiplier T}, is given by
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x Hilbert transforms
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Theorem (Fefferman, 1971)

Let B(0,1) be the unit ball of R™ and n > 2. Then, the Fourier multiplier
Denon (N(E) = /R Xqeern| g <1H(©)F(©)*T 4 dg

is unbounded on L? for p # 2.



Classical nonsmooth multipliers

Let @ C R"™ of non-zero measure, the idempotent multiplier T}, is given by

T (1) = [ xal©F©)em <

x Hilbert transforms

Hy(f)(z) = /Rn X{geRn|<g,u>zo}(f)f(f)emxfdf where u € 5"

are LP-bounded for all 1 < p < co. Here @ = {¢€ € R" | (&, u) > 0}.
* If 2 is a polytope, then T}, is LP-bounded for all 1 < p < oco.

Theorem (Fefferman, 1971)

Let B(0,1) be the unit ball of R™ and n > 2. Then, the Fourier multiplier

Denon (N(E) = /R Xqeern| g <1H(©)F(©)*T 4 dg
is unbounded on LP for p # 2.

* If Qis a C'-domain and is not flat, then Ty, is also LP-unbounded for p # 2.
The curvature of the unit ball is colliding with LP-boundedness.



Schur multipliers

Let M :{1,...,n} x {1,...,n} — C be a bounded function. The Schur
multiplier associated to M is a linear operator Sy : M, (C) — M, (C)
defined by

Su(4) = (MG, )AG, )

1<i,j<n
for

all A = (A(i,j)) € M, (C).

1<i,j<n



Let (X, i) be a o-finite measure space, we will denote

Sp(X) = {z € BIL*(X, ) | |lalp = tr(|af?)? < oo}.




Let (X, i) be a o-finite measure space, we will denote

Sp(X) = {z € BIL*(X, ) | |Jalp = tr(|f?)? < oo}

Recall that Sy(X) ~ L*(X x X, u X 1), with the identification
where

T - (Tz:y)mﬂyGX

T(6)(x) ~ /X Ty yb(y)du(y)



Let M : X x X — C be a bounded function, the Schur multiplier
SM : SQ(X) — SQ(X) defined by

Su(T) = (M(wo)Try)

for T'= (Tyy)ayex-

A central problem:
Which M : X x X — C define a S)-bounded Schur multipliers?



Some previous results

Theorem (Grothendieck-Haagerup)

If M : X x X — C, the following conditions are equivalent.
Sy is bounded on B(L*(X, 1))

There exist a Hilbert space K and two uniformly bounded families of
vectors {ug }zex, {vy}yex such that

M(J},y) = <uz?vy>lC a.e. x,Yy € X
Remark: The complete boundedness of Sy in B(L?(X, 1)) is also equivalent.
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These results relate the S,-boundedness of Sy with the smoothness of M.



Some previous results

Theorem (Grothendieck-Haagerup)

If M : X x X — C, the following conditions are equivalent.
Sar is bounded on B(L*(X, 1))

There exist a Hilbert space K and two uniformly bounded families of
vectors {ug }zex, {vy}yex such that

M(.’E,y) = <uzavy>K a.e x,y€ X

Remark: The complete boundedness of Sy in B(L?(X, 1)) is also equivalent.

* Arazy’s-Krein's-Koplilenko’s conjectures (Potapov-Sukochev, 2011): If
M(x,y) = W for f : R = R Lipschitz, then Sy is S,-bounded

* Smooth multipliers. (Conde, Gonzalez, Mei, Parcet, Ricard, T. 2022-2024).
These results relate the S,-boundedness of Sy with the smoothness of M.

* Non-smooth symbols remain much more unexplored.



Multipliers in group von Neumann algebras
Let (G, p) be a unimodular group with

A:G = U(Ly(G,p)) given by [A(g)e](h)

o(g~"h).




Multipliers in group von Neumann algebras

Let (G, i) be a unimodular group with
MG = U(L2(G ) given by [A(g)e](h) = w(g~h).

Define its group von Neumann algebra as follows

SOT

{7 = [ For@anto): Fecl@)} BEa(G.p)
The Haar trace 7 is then determined by
(f)=fe)

and the noncommutative L,-norms are defined by

1]l = (£ 1)



Given m : G — C, its Fourier multiplier is the map

T [ FoMaute) = [ mi)Fi@)a)duto).



Given m : G — C, its Fourier multiplier is the map
T [ FoMaute) = [ mi)Fi@)a)duto).
@

Remark: If G = R", the map

(1) — €™ € L®(R")
extends to an isomorphism between VN(R™) and L°°(R"). Therefore,
given m : R"™ — C, the Fourier multiplier T}, is defined by

To(H(a) = [ m(©)Fye==<as

In the same spirit as for Schur multipliers, we have

A central problem:
Which m : G — C define a L,-bounded Fourier multiplier?



Transference

The relation between Fourier and Schur multipliers plays a key role...

Fourier-Schur transference [Neuwirth/Ricard + Caspers/de la Salle]
Let G be an amenable groupand 1 <p<oo. Let M : Gx G — C
and m : G — C such that M(g,h) = m(gh™"'). Then
HS]\,[ : Sp(G> — SP(G)ch

= ||Tom : Ly(VN(G)) = Ly(VN

(Gl



What are the properties of Schur and Fourier indempotents?

Nonsmooth theory for Schur multipliers
Let ¥ C X be a nonzero measure set, and Sy; be the Schur multiplier
with symbol M(z,y) = xs(z,y). When is Sy, Sp-bounded?



What are the properties of Schur and Fourier indempotents?

Nonsmooth theory for Schur multipliers

Let ¥ C X be a nonzero measure set, and Sy; be the Schur multiplier
with symbol M(z,y) = xs(z,y). When is Sy, Sp-bounded?

Fourier idempotents on Lie groups

Let G be a group and 1 < p # 2 < o0:

e Which smooth domains 2 give T\, : L,(VN(G)) = L,(VN(G))?
e Is there a geometric characterization? A group theoretic one?
This question is of particular interest in simple Lie groups.



Local geometry and analytic form
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Local boundedness

Definition (Local Sp-boundedness)

Let ¥ C X be a smooth domain and let (zg,yo) € 0X. We say that
Sy, is locally S)-bounded at the point (zo,yo), if there exist two
neighbourhoods xp € U C X and yp € V C X such that

HSED(UXV) 1 Sp(X) — Sp(X)H < o0
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m Syxv is always Sp-bounded since it is just the composition of two
projections.



Local boundedness

Definition (Local Sp-boundedness)

Let ¥ C X be a smooth domain and let (zg,yo) € 0X. We say that
Sy, is locally S)-bounded at the point (zo,yo), if there exist two
neighbourhoods xp € U C X and yp € V C X such that

HSED(UxV) 1 Sp(X) — Sp(X)H < o0

m Syxv is always Sp-bounded since it is just the composition of two
projections.

m If ¥ is compact and Sy; is locally S,-bounded at every
(x0,%0) € 0%, then it is S,-bounded.



Let ¥ Cc R” x R" be a C'-domain.

Given (z,y) € 0%, set n(z,y) = (ni(x,y),n2(z,y)) L 0¥ at (x,y).
A point (z,y) € 0% is called transverse when both n;, ny are nonzero.
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H Local S,-boundedness. The Schur idempotent S5, whose symbol
equals 1 on X and 0 elsewhere is bounded on S,(L2(U), L2(V)) for
some pair of neighbourhoods U,V of xg,yo in R".
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The main result

Let ¥ c R” x R" be a C'-domain.
Given (z,y) € 0%, set n(z,y) = (ni(x,y),n2(z,y)) L 0¥ at (x,y).
A point (z,y) € 0% is called transverse when both n;, ny are nonzero.

Theorem A (Schur idempotents)

Given 1 < p # 2 < oo, TFAE for any transverse (zg,yp) € 0%:

H Local S,-boundedness. The Schur idempotent S5, whose symbol
equals 1 on X and 0 elsewhere is bounded on S,(L2(U), L2(V)) for
some pair of neighbourhoods U,V of xg,yo in R".

Zero-curvature condition. There are neighbourhoods U, V' of the
points xg, yo such that the vectors na(z1,y), na(x2,y) are parallel
for any pair of points (z1,y), (z2,y) € 02N (U x V).

Triangular truncation representation. There are neighbourhoods
U,V of xg,yo and C'-functions fi:U—Rand fo: V — R, such
that the domain SN (U x V) ={(z,y) €U x V : fi(z) > fo(y)}.



The main result

Theorem A (Schur idempotents)

Let X be a smooth manifold, ¥ C X a smooth domain and let
1<p#2<oo. TFAE

B S,-boundedness. Sy is locally S,-bounded on (zg, o).
Triangular representation. ¥ = { f1(z) > f2(y)} around (20, yo).



The main result

Theorem A (Schur idempotents)

Let X be a smooth manifold, ¥ C X a smooth domain and let
1<p#2<oo. TFAE

B S,-boundedness. Sy is locally S,-bounded on (zg, o).
Triangular representation. ¥ = { f1(z) > f2(y)} around (20, yo).

* If ¥ is compact the S,-boundedness is global.
* If ¥ is not compact the local boundedness is required. There
are counterexamples for global boundedness.

Theorem A holds for differentiable manifolds M x N. This is quite

remarkable, since Schur multipliers on general manifolds lack to admit
a Fourier transform connection.



Zero-curvature for C?>-domains

Let 3 be a C2-domain:

SN U xV)={(z,y) : F(z,y) >0} for some F € C*(R" x R").

Equivalent curvature condition for C>-domains

<dzdyF(x, Y),u ® v> =t <8xj8ku(x,y)> LU= 0

)

forall (z,y) € 0N (U x V) & (u,v) € kerd,F(x,y) x kerd, F(z,y).



Zero-curvature for C?>-domains

Let 3 be a C2-domain:

SN U xV)={(z,y) : F(z,y) >0} for some F € C*(R" x R").

Equivalent curvature condition for C>-domains

<dzdyF(a:, Y),u ® v> =t (8mj6ku(x,y)> LU= 0

)

forall (z,y) € 0N (U x V) & (u,v) € kerd,F(x,y) x kerd, F(z,y).

Vanishing forms of d,,F or d,,F": Not valid since

S ={(z,y) :2€Q} and .= {(z,y):y€Q}
lead to S,-bounded multipliers with no geometric restrictions on §2.



Three Hilbert transforms on

Lie groups
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Euclidean idempotents
Semispaces and (finite or lacunary) combinations of them.




Fourier idempotents so far...

Euclidean idempotents

Semispaces and (finite or lacunary) combinations of them.

Bozejko-Fendler 2006: Balls in the Cayley graph — Not uniformly bded
Mei-Ricard 2017: Free Hilbert transforms via a NC Cotlar-type identity



Fourier idempotents so far...

Euclidean idempotents

Semispaces and (finite or lacunary) combinations of them.

Bozejko-Fendler 2006: Balls in the Cayley graph — Not uniformly bded
Mei-Ricard 2017: Free Hilbert transforms via a NC Cotlar-type identity

Crossed products

Parcet-Rogers 2016: Twisted Hilbert transforms H, x id over R" x G
H, xid Ly-bounded if and only if the orbit {g-u : g € G} is finite




Local boundedness

Definition (Local boundedness)

Let m : G — C be a bounded function and let gg € G. We say that
Ty, is locally L,-bounded (respectively cb) near g if there exists a
constant C' and neighbourhood go € U C G such that

|7 ( [ Fior(a)into)

<C
P

/ o)A (9)dulg)
G

P
for all f such that supp(f) cU.

Remark: If a symbol m : G — C is compactly supported and locally
L,-bounded at every gy € G, then it is L,-bounded.



Fourier idempotents — The local geometry

Theorem B1 (Fourier idempotents)

Let G be a connected Lie group. Let € G a C'-domain and gy € 9.
Then, TFAE for every 1 < p # 2 < o0:

o T, is locally L,-bounded at gy € G.
e There exist a neighbourhood U such that of gy € G such that
QNU =gp-exp(h)NU

where § is a Lie subalgebra of codimension 1.
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The condition that § is a Lie subalgebra is related to the
structure of the group.



Fourier idempotents — The local geometry

Theorem B1 (Fourier idempotents)

Let G be a connected Lie group. Let € G a C'-domain and gy € 9.
Then, TFAE for every 1 < p # 2 < o0:

o T, is locally L,-bounded at gy € G.
e There exist a neighbourhood U such that of gy € G such that
QNU =gp-exp(h)NU

where § is a Lie subalgebra of codimension 1.

The condition that § is a Lie subalgebra is related to the
structure of the group.

This unravels what is “Fourier boundary flatness” for Lie groups



Fourier idempotents — The group structure

Consider:
i) The real line G; = R with ; = (0, 00).
ii) The affine group Gy = Aff { (R) and 22 = {az +b:b > 0}.

iii) The universal covering Gz = PTSTJQ(R) and Q3 = {g : a4(0) > 0}.
a: PSLa(R) ~ R by lifting standard action PSLa(R) ~ P1(R) to universal covers.
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Consider:
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e There exists a smooth surjective homomorphism f : G — G, and a
neighbourhood gy € U C G such that

QNU = gof_l(Qj) NnU.



Fourier idempotents — The group structure

Consider:
i) The real line G; = R with ; = (0, 00).
ii) The affine group Gy = Aff { (R) and 22 = {az +b:b > 0}.
iii) The universal covering G3 = PSLy(R) and Q3 = {g : ag(0) > 0}.

a: lséig(R) ~ R by lifting standard action PSLa(R) ~ P1(R) to universal covers.

Theorem B2 (Fourier idempotents)

Let G be simply connected and €, p, gy as above. Then, TFAE:
o T, defines locally at go a Fourier cb-L,-multiplier.

e There exists a smooth surjective homomorphism f : G — G, and a
neighbourhood gy € U C G such that

QNU = gof_l(Qj) NnU.

These three Hilbert transforms are globally L,-bounded



Applications for nilpotent and simple Lie groups

Corollary B3 (Nilpotent and Simple Lie groups)

Fourier cb-L,-idempotents for 1 < p # 2 < oo:

i) Simply connected nilpotent Lie groups
They are locally = H o ¢ for ¢ : G — R smooth hom.

ii) Simple Lie groups not locally isomorphic to SLy(R)
These groups do not carry Fourier cb-L,-idempotents at all.
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Applications for nilpotent and simple Lie groups

Corollary B3 (Nilpotent and Simple Lie groups)

Fourier cb-L,-idempotents for 1 < p # 2 < oo:

i) Simply connected nilpotent Lie groups
They are locally = H o ¢ for ¢ : G — R smooth hom.

ii) Simple Lie groups not locally isomorphic to SLy(R)
These groups do not carry Fourier cb-L,-idempotents at all.

Stratified Lie groups: The ¢ above projects onto first stratum

There are no L,-bounded idempotent multipliers in SL, (R) for p # 2
and n > 3. No L,-approximations by means of nonsmooth symbols.



Ingredients of the proofs



Schur idempotents

Lemma A1 (Schur amplification of Meyer's lemma)
Assume JX transverse in U x V and Sy, € B(S,(
Given z; =

|(, o)’

La(U), La(V))).
(zj,y) € I N (U x V), uj = ny(z) and fj € Ly(R™)
S H ()

Ly(Rm) ™ S H(Z il )

Ly R")



Schur idempotents

Lemma A1l (Schur amplification of Meyer's lemma)

Assume OX transverse in U x V and Sy, € B(S,(L2(U), L2(V))).
Given z; = (zj,y) € 0¥ N (U x V), uj = na(z) and fj € Ly,(R"™):

2
[(3, 1, () (6> 52)? sy

If (z0,y0) € OX is transverse, there are local diffeomorphisms st

B(w0) = b(yo) =0 and & x ¥(%) = {((5:2),) : 5 > (7,1}
for some g € CH(R™! x R") satisfying (0, y) = (y, e;) for every y.




Schur idempotents

Lemma A1l (Schur amplification of Meyer's lemma)

Assume OX transverse in U x V and Sy, € B(Sp(L2(U), L2(V))).
Given z; = (zj,y) € 90X N (U x V), uj = na(z;) and f; € L,(R"):

H <Za [ (fj)‘Q)% () ¥ H (Zg |fj|2>%

Lemma A2 (Local normal form of transverse hypersurfaces)

Lp(R™)

If (z0,y0) € OX is transverse, there are local diffeomorphisms st
B(w0) = b(yo) =0 and & x ¥(%) = {((5:2),) : 5 > (7,1}
for some g € CH(R™! x R") satisfying (0, y) = (y, e;) for every y.

Lemma A3 (Measurable transformations of Schur S,-multipliers)

Let (X, p), (X', 1) be atomless o-finite and f,g: X — X' be
measurable. Then, if fiu << p/ and m € Loo(X’ x X'), we obtain

lm o (f X 9llars,Lax,m)) = IMlars, Lax,fow)) < IMllars, Laxr )



PRdIS’22 — If G unimodular and p € 27Z

Fourier and Schur multipliers are locally the same.




Fourier idempotents

PRdIS’22 — If G unimodular and p € 27Z
Fourier and Schur multipliers are locally the same.

The result below generalizes Parcet-Ricard-de la Salle's local
transference...

Theorem C (Local Fourier-Schur transference)

Let G be a locally compact group and consider a bounded measurable
function m : G — C. Then, TFAE for gy € G and every 1 < p < o0
e There is a neighbourhood U of gg such that the restriction of T,
to the space of elements of L,(LG) Fourier supported by U is cb.
e There are open sets V, W C G with gy € VW ! such that the
function (g,h) € V x W = m(gh™') is in M, Sp(L2(V), La(W)).



Fourier idempotents

PRdIS’22 — If G unimodular and p € 27Z
Fourier and Schur multipliers are locally the same.

The result below generalizes Parcet-Ricard-de la Salle's local
transference...

Theorem C (Local Fourier-Schur transference)

Let G be a locally compact group and consider a bounded measurable
function m : G — C. Then, TFAE for gy € G and every 1 < p < o0
e There is a neighbourhood U of gg such that the restriction of T,
to the space of elements of L,(LG) Fourier supported by U is cb.
e There are open sets V, W C G with gy € VW ! such that the
function (g,h) € V x W = m(gh™') is in M, Sp(L2(V), La(W)).

Lie algebra analysis

Zero-curvature ~» 02 = gg exp(h).
Lie's classification of codim-1 Lie subalgebras ~» 3 Hilbert transforms



