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Quantum groups
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Symmetric pairs and Satake diagrams

TABLE 4. Satake diagrams of irreducible symmetric pairs
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Quantum symmetric pairs
m (U(g), U(¥)): symmetric pair ~ (U, U"): quantum symmetric pairs

Definition (Letzter, Kolb)
The 2quantum group U* associated with (g, £) is the C(q)-subalgebra of
U generated by

Bi=F +aTu(E)K™, (i€l

i, F Uek)

Klla (//' € 'Da)

m coideal subalgebra: A: U* - U'® U
m For the pair (g ® g,g9a), one has U* = U.
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Quantum symmetric pairs
m (U(g), U(¥)): symmetric pair ~ (U, U"): quantum symmetric pairs

Definition (Letzter, Kolb)

The 2quantum group U* associated with (g, £) is the C(q)-subalgebra of
U generated by

Bi=F +aTu(E)K™, (i€l

i, F Uek)

Klla (//' € 'Da)

m coideal subalgebra: A: U* - U'® U
m For the pair (g ® g,g9a), one has U* = U.

Goal: Study representation of U* when g = \lyi
Answer: Poisson geometry of U’!
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Integral forms

Let A = C[q, g~']. There are three distinguished integral forms:

Ul = _A(E,.(") = E//[n]}!, F.(”)7 K,) : Lusztig form

USK = A(E;, F;, K,,) : De Concini-Kac form
Ua = ABr(W)E; = E/(q: — g; '), Fi, K,,) : dual Lusztig form
We focus on U 4. Set Uy = U'NU 4.
|

m Uy, is a quantum deformation of the Poisson algebra C[G*].

B C®ge Ua 2 C ®gse UDK, where € is the primitive ¢-th root of
unity, for £ > 3 odd.
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Semi-classical limits

In general, suppose Ry is an C[q, g~ *]-algebra. Suppose R, satisfies the
condition

[f,g] =fg —gf € (g —1)Ry, Vf,g € Ry. (1)

Then R = C ®q1 Ry is a commutative Poisson algebra over C, where

R is called the semi-classical limit of R,.
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Semi-classical limits of U 4

Let G be the simply connected semisimple group with Lie algebra g. Let
(BT, B7) be a pair of Borel groups, such that H = B N B~ is the
maximal torus. The dual Poisson-Lie group is

G* = {(b1, b2) € BT x B~ | 7};(b1)mp; (b2) = id}.
It carries a canonical Poisson structure.

Theorem (De Concini—Procesi)

The algebra U4 satisfies the condition (1). Moreover one has the
canonical isomorphism

C®qs1U4g = C[G"]

as Poisson algebras.
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e
Semi-classical limit of U’

Hint: A:U% - U4 ®Uy ~  Poisson homogeneous space of G*
Involution 6 : g — g integrates to § : G — G. Recall
G*CB"xB™CGxG. Set

Go ={(g,0(g)) | g€ G} C GxG,
and K+ C G* to be the identity component of Gy N G*.

Theorem (S., 2024)

The quotient K-\ G* is an affine G*-Poisson homogeneous space. Hence
C[K+\G*] C C[G*] is a Poisson subalgebra.
There is a canonical isomorphism

C®q51 Uy = CIKH\GY
as Poisson algebras.
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-
Representation of U 4 at root of 1

Let £ > 3 be an odd integer, and ¢ be a primitive /-th root of 1. Let
U =C®gs1 Ua =2C[G"], U, =C®Qgse Ua.
[De Concini—-Kac—Procesi] constructed a Poisson algebra embedding
Fr:Us — Z(U.);  Ej— ELF e FLK, — Ky,

Zy = Fr(Uy) is called the Frobenius center. Moreover,
m U, is a free Zy-module of rank ¢dim 8.
m For xy € G*, let U, ,, = U./m, U.. Then Irr U, = Uyeg-lrr Ug .

m Let o: G* — G be (b1, by) +— by 'hy. Then U, , = U, v, if p(x),
©(x') are in the same conjugacy class of G (= x, X’ are in the same
symplectic leaf).

(Ue, Zo) is a Poisson order in the sense of [Brown—Gordon].
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Representation of U’ at root of 1

Let
Ul = C @1 Ua = CIKN\G"], UL = C e Us

Theorem (S.—Zhang, 2025-+)
There is a Poisson algebra embedding
Fr U — Z(UL).

We call Z§ = Fr'(U}) the Frobenius center of UL. Then U is free over
Z¢ of rank ¢4m ¢,

In split rank one, we have
(6—1)/2

Fr(B) =B [] (B} +(qi—q ")[2r —1J7).
r=1
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Representation of U’ at root of 1, continued

We have central subalgebra Z; C U*, where Spec Z§ = K+\G*. For
x € KH\G*, set Ut | = U:/m, UL Then

Irr Ué = uXeKL\G*Irr U;X.
Let
O KH\G* = G, K*t(by, by) +— 6(by) by

Theorem (S.—Zhang, 2025+)

For x, X' in KX\ G*, suppose ©*(x), ¢*(X') are in the same O-twisted
conjugacy class, that is, ©*(x) = g¢*(x')0(g)~1. Then U, =2U,,, as
C-algebras.

In other words, we have a finite map
Y ilr U, — G

with isomorphic fibres along f-twisted conjugacy classes.
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More theorems

Theorem (S.—Zhang, 2025-+)

m The inclusion Z§ — Z(U%) induces a finite map
Spec Z(UY) — KL\ G* of degree ¢kt

m For V € Irr U, we have dim V < 019l

m Any generic irreducible representation of UL is a direct summand of
an irreducible representation of U,.

Conjecture
For any x € K*\G* and V € Irr U. . One has

gldim Co(" (x))~dim g+dim €)/2 | imy /.
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Thank you !
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