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Functions



TLDR: I started out in integrable systems, with 
emphasis on bispectrality.   

Recently started on (exceptional) orthogonal 
polynomials, which seemed different.   

However, those two topics are turning out to be more 
closely related than I thought. 

The KP Hierarchy is a natural context for studying 
(exceptional) Hermite OPs, and perhaps all classical/

exceptional OPs.
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• Several symmetries of  will be relevant: CMn
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• (Okay…wake up now, I’m back to the important stuff.)
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• More generally, for  the eigenvalues of  
are governed by the Hamiltonian:  

       s.t. .

(X, Z) ∈ CMn
r X − jtjZj−1

tr(ℋj) where ℋij = ·qjδij +
(ba⊤)ij(1 − δij)

qi − qj
(ba⊤)ii = − 1

• The involution which linearizes the motion of this integrable system  
(see Calogero, Moser, Kazhdan-Kostant-Sternberg and Gibbons-
Hermensen, Krichever-Babelon-Billey-Talon) is  .(X, Z) ↦ (Z⊤, X⊤)
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• Set the “times” so that  and one has  

                                       !

x = t1, tj = 0 for j ≥ 2
ψ(X,Z)(x, z) = ψ⊤

(Z⊤,X⊤)(z, x)

• As a consequence we get bispectrality:     Lxψ = p(z)ψ ψΛz = π(x)ψ

Wilson Invent.Math. 1998, 
Bergvelt-K-Gekhtman 

MPAG 2009
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vacuum wave function can be useful:  where .e ∑ tjzjHj H ∈ ℂr×r

• To, me the interesting thing was bispectrality with non-commuting 
eigenvalues: 
                               Lxψ = ψp(z) ψΛz = π(x)ψ

• This was the subject of my 2015 paper in SIGMA.  Interesting 
“pathologies” arise that I don’t have time to discuss now.

• But, I did not use CM matrices!  Instead, used the other common 
construction for the same wave functions, finitely-supported distributions:  

                                     .ψ = Wr(c1(ψ0), …, cN(ψ0), ψ0)
Wr(c1(ψ0), …, cN(ψ0))

• I spoke on this at NEEDS 2015 in Sardinia.  Rob Milson approached me 
seeking help with bispectrality of exceptional orthogonal polynomials.
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∞

−∞
f(x)g(x)e− x2

2 dx

• Hermite Polynomials  satisfy .exz−z2/4 = ∑ hi(x)zi ⟨hi(x), hj(x)⟩H = νiδij

• Also  and  .Ωi(hi) = hi+1 + ihi−1 = xhi Tx(hi) = (∂2
x − x∂)hi = − ihi

• On left is the “recursion relation”.  But, let’s think of it as a difference 
operator in  whose eigenvalue is .i x

• NB: Since the other equation involves a differential operator in  with 
eigenvalue depending on , this is an instance of bispectrality!

x
i

• But, those are not only Hermite orthogonal functions I care about!
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i , ĥλ
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i , ĥλ
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There was no KP, no CM matrices.  It 
was just straightforward bispectral theory 

with no obvious integrability 
connections.



XHermites hiding in KP Wave Functions! 



• So, Rob and I were looking for something analogous to the KP/CM 
connection for these XHermites…

XHermites hiding in KP Wave Functions! 



• So, Rob and I were looking for something analogous to the KP/CM 
connection for these XHermites…

• …but no analogy was needed!  It was right there:

XHermites hiding in KP Wave Functions! 



• So, Rob and I were looking for something analogous to the KP/CM 
connection for these XHermites…

• …but no analogy was needed!  It was right there:

• Thm (K-Milson MPAG 2020): For any  there is  so that   

                                . 

In other words, generating functions for XHermites are KP wave 
functions.

λ (Xλ, Zλ) ∈ CMn
1

ψ̂(Xλ,Zλ)(x, − 1/2,0,0,…, z) =
∞

∑
n=0

ĥλ
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• It was my intention to address (a) using the bispectral involution 
and worry about (b) afterwards.
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True for every .  (On 
the right track!)

(X, Z) ∈ CMn
1
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to the right of all ’s, and get something for which you can just read off an AD.  Involves 

matrix mult, exp, and erf. 

[X, Z] − I = ba⊤ X
Z
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There are poles for .  But, we 

don’t need to worry about that because all of the 
residues are zero.  (Cf. Haese-Hill/Hallnäs/Veselov, 

Lett.Math.Phys. 2016).

x ∈ ℝ
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where  

.

̂ψ̂(X,Z)( ⃗t , z) = τ(X,Z)( ⃗t )ψ̂(X,Z)( ⃗t , z)

τ(X,Z)( ⃗t ) = det (−X + ∑ jtjZj−1)
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• BTW This follows from a surprising fact: One can choose the roots 
of  and  independently.   But

 is always true!

τ(X,Z)(x,0,0,…) τ(Z⊤,X⊤)(x,0,0,…)
τ(X,Z)(x, − 1/2,0,…) = τ(Z⊤,X⊤)(x, − 1/2,0,…)
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So, we get a lot of Hermite orthogonality 

from KP Wave Functions and Bispectrality!



•
Let .  Then .(X, Z) ∈ CMn

r
̂ψ̂(X,Z)(w,0,z) = ewz ∑

0≤i,j≤n
cijwizj

• Define .  Note .B = {i − j : cij ≠ 0} {0} ⊆ B ⊆ {−n, …, n}

• Define the sequences  and 

. 

ψ̂(Z⊤,X⊤)(x, − 1/2,w) = ∑ fi(x)wi

ψ̂(X,Z)(x, − 1/2,z) = ∑ gj(x)zj

• Almost Bi-Orthogonality:  

whenever .  (In particular,   orthogonality.)

⟨ f⊤
i (x), gj(x)⟩H = ∫

∞

−∞
f⊤
i gje−x2/2 dx = 0

i − j ∉ B | i − j | > n ⇒
• Almost Orthogonality: .̂ψ̂(X,Z)(w,0,z) = ̂ψ̂(X,Z)(z,0,w) ⇒ {fi} = {gi}

Main Result: K-Milson-Gekhtman SIGMA 2026



•
Let .  Then .(X, Z) ∈ CMn

r
̂ψ̂(X,Z)(w,0,z) = ewz ∑

0≤i,j≤n
cijwizj

• Define .  Note .B = {i − j : cij ≠ 0} {0} ⊆ B ⊆ {−n, …, n}

• Define the sequences  and 

. 

ψ̂(Z⊤,X⊤)(x, − 1/2,w) = ∑ fi(x)wi

ψ̂(X,Z)(x, − 1/2,z) = ∑ gj(x)zj

• Almost Bi-Orthogonality:  

whenever .  (In particular,   orthogonality.)

⟨ f⊤
i (x), gj(x)⟩H = ∫

∞

−∞
f⊤
i gje−x2/2 dx = 0

i − j ∉ B | i − j | > n ⇒
• Almost Orthogonality: .̂ψ̂(X,Z)(w,0,z) = ̂ψ̂(X,Z)(z,0,w) ⇒ {fi} = {gi}
• Orthogonality: .̂ψ̂(X,Z)(w,0,z) = ̂ψ̂(X,Z)(1,0,wz) ⇒ ⟨ f⊤

i , gj⟩H = ciδij

Main Result: K-Milson-Gekhtman SIGMA 2026



•
Let .  Then .(X, Z) ∈ CMn

r
̂ψ̂(X,Z)(w,0,z) = ewz ∑

0≤i,j≤n
cijwizj

• Define .  Note .B = {i − j : cij ≠ 0} {0} ⊆ B ⊆ {−n, …, n}

• Define the sequences  and 

. 

ψ̂(Z⊤,X⊤)(x, − 1/2,w) = ∑ fi(x)wi

ψ̂(X,Z)(x, − 1/2,z) = ∑ gj(x)zj

• Almost Bi-Orthogonality:  

whenever .  (In particular,   orthogonality.)

⟨ f⊤
i (x), gj(x)⟩H = ∫

∞

−∞
f⊤
i gje−x2/2 dx = 0

i − j ∉ B | i − j | > n ⇒
• Almost Orthogonality: .̂ψ̂(X,Z)(w,0,z) = ̂ψ̂(X,Z)(z,0,w) ⇒ {fi} = {gi}
• Orthogonality: .̂ψ̂(X,Z)(w,0,z) = ̂ψ̂(X,Z)(1,0,wz) ⇒ ⟨ f⊤

i , gj⟩H = ciδij

• Exceptional Hermites Rediscovered: If , the latter holds 
exactly when  for some partition.

r = 1
(X, Z) = (Xλ, Zλ)
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• Each coefficient in expansion of any ncKP wave function  is 
Hermite orthogonal to almost all coefficients of its bispectral dual.

ψ(X,Z)( ⃗t , z)

• “Explains” the connection between KP and Hermite Orthogonality, 
tracing it back to the KP Hierarchy written in integral form and 
bispectrality.

• It seems that this goes beyond just Hermite.  We have some similar 
results for Laguerre orthogonality!  Hope to report on that soon…and 
then who knows maybe all classical/exceptional OPs?!?

• The matrix orthogonality (so far) is not “interesting” because the weight 
function  is scalar.  But, remember slide 7 where I introduced a 
matrix vacuum and associated wave functions?  It seems that should be 
a way to get real matrix orthogonality from this same construction!  
(Haven’t been able to get it to work yet.)

e−x2/2

• There is also a link to Exceptional Krall polynomials (see forthcoming K-
Milson in J.Approx.Th.)  But no time for that now.
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