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A central problem in mathematical general relativity is understanding how matter interacts with
the weak null sin-gularities (WNS) inside black holes. This talk examines irrotational barotropic
perfect fluids approaching a WNS in a spherically symmetric black hole interior. We first contrast
two spherically symmetric matter models: dust, with vanishing pressure and sound speed, and a
stiff fluid, whose pressure equals its energy density and whose sound speed equals the speed of
light. For "admissible” dust initial data near the WNS (a notion to be explained), shell-crossing is
avoided, while the double-null velocity components and energy density remain bounded. By
contrast, for the stiff fluid the energy density diverges and the velocity vector asymptotically
approaches an ingoing null vector tangent to the singular hypersurface. Motivated by this contrast,
we introduce an ongoing study of a two-phase model for the transition from a “soft” phase (dust) to
a "hard” phase (stiff fluid). Its non-differentiable equation of state triggers the transition between
the phases when the energy density reaches a threshold set to unity. For "admissible”, compactly
supported soft-phase initial data, we describe the geometry of the resulting phase bound-ary. The
transition of the fluid variables is continuous across achronal phase boundary segments, whereas
timelike segments form a free-boundary problem governed by the Rankine-Hugoniot jump
conditions. We show that as the WNS is approached, the timelike phase boundary asymptotically
approaches an ingoing null geodesic, mirroring the stiff-fluid trajectories.



