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In d + 1-spacetime dimensions, the Einstein-scalar field equations with a vanishing potential are
given by
Rij = 2VipVjo,
ogd = o.

The Kasner-scalar field spacetimes are a distinguished family of solutions to these equations that
are geodesically incomplete in the past. In these spacetimes, past-directed timelike geodesics
terminate at a spacelike big-bang singularity characterised by curvature blow-up. Remarkable
progress has been made over the past decade in understanding the behaviour of small, nonlinear
perturbations of the Kasner-scalar field solutions with sub-critical Kasner exponents. A major
breakthrough was achieved by Fournodavlos, Rodnianski, and Speck, who established that such
perturbed solutions remain past geodesically incomplete and terminate at quiescent, spacelike big-
bang singularities that exhibit curvature blow-up. More recently, Franco-Grisales and Ringstr”“om
have systematically analysed the behaviour of sub-critical, quiescent solutions to the Einstein-
scalar field equations in the contracting direction near big-bang singularities. Under the additional
assumption that the Kasner exponents are distinct, they obtain complete leading-order asymptotics
for nonlinearly perturbed sub-critical Kasner-scalar field solutions near big-bang singularities and
characterise the asymptotic data induced at the singularity.

In this talk, I will describe a new approach, developed in collaboration with Florian Beyer and
Weihang Zheng, for obtaining complete leading-order asymptotics for nonlinearly perturbed sub-
critical Kasner-scalar field solutions near big-bang singularities without imposing additional
conditions on the Kasner exponents. We show that the perturbed solutions admit a decomposition
into a leading-order term and a faster-decaying remainder. Moreover, the leading-order term
satisfies a system of ordinary differential equations, which define the (non-unique) velocity term
dominated (VTD) equations, and it is uniquely determined, as a solution of this system, by
asymptotic data at the singularity. This establishes that the perturbed solutions are asymptotically
velocity term dominated (AVTD) in the sense of Moncrief-Isenberg.



