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Partial differential equations represent complex problems

Figure: Gusto team, Australian National
University

Figure: Gusto team, Exeter University, Met Office
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Breaking down the problem
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Outline of the finite element method

1. Choose a PDE + boundary conditions

u −∇2u = f ∇u · n̂ = 0 on the boundary Γ

2. Choose a mesh T and finite element space Vh

Vh = {v |K ∈ P1 | v ∈ C 1}

3. Construct the weak form, by multiplying by v ∈ Vh and integrating:∫
Ω

uv +∇u · ∇v dx =

∫
Ω

fv dx v ∈ Vh

4. Construct and solve a linear system, using a basis φi for Vh, and seeking
uh =

∑
i uiφi ∈ Vh:

Ku = f uT = (u0, u1, . . . )

Kij =

∫
Ω

φiφj +∇φi∇φjd x fi =

∫
Ω

φid x
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Choosing an element

There are many factors that influence
the choice of element:

Degree of approximation

Cell geometry

Choice of element pairs for stability

Function space being approximated

Diagrams: D. N. Arnold and A. Logg, Periodic Table of
the Finite Elements, SIAM News, vol. 47 no. 9,
November 2014.
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Ciarlet’s definition of a finite element

Ciarlet’s classical definition of a finite element is (K,V,L) where

I K is the cell, a bounded closed subset of Rn with nonempty interior and
piecewise smooth boundary;

I V is a suitable finite dimensional space on K;

I L is the set of degrees of freedom L = {`1, . . . `n} , a basis for V∗.

This has been fundamental to the success of the finite element method.
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What is Ciarlet’s definition missing?

I Cell structure (geometry, topology)

I Association of degrees of freedom to topological entities

I Relationships between degrees of freedom (symmetry)

l0 l1

(a) CG1 Element

l0, l1

(b) DG1 Element

Each software makes its own assumptions to patch the missing information
from Ciarlet.
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A new definition

Our new definition is (C,V, E) where:

I C is a cell complex, annotated with orientation information;

I V is a triple of spaces: the polynomial space on the cell, the space being
approximated and the space required for interpolation of the element;

I E is a description of how to generate the degrees of freedom, L.

E is composed of three elements, (X ,G1,G2):

I X is a set of generators for the degrees of freedom, parameterised by a
group member g ∈ G1;

I G1 is the generator group, from which we draw g ;

I G2 is the transformation group, which describes how the values of the
degrees of freedom transform under the symmetry group of the cell.
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Cell Complexes

The cell is now defined using a cell complex, which we define as a set of points
with dimension and connections between those points.

Notation:

(dim, num)

(1, 0)(1, 1)

(1, 2)(0, 0) (0, 1)

(0, 2)

(2, 0)

(0, 0) (0, 1)

(0, 2) 0 1 2

Vertices: 0

Edges: 1

Faces: 2

Annotating the connections with orientation information incorporates
orientation assumptions made about the cell.
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CG1 in the new definition

CCG1 =

{ψ(0,0), e}

{ψ(1,0), e}

ψ(0,0) : = {()→ (−1)}, ψ(0,1) := {()→ (1)}

ψ(1,0) : = {x → (
x + 1

2
,

√
3(−3x + 1)

6
)}

v rot v

rot2 v VCG1 = (P1(C̄),H1(C),C 0)

E0
DG0

= ({`g : v 7→ v()}, S1, S1)

ECG1 = ( Imm
g,ψ(0,0)◦ψ(1,0),V

(E0
DG0

), S3/S2, S1)

CG1 = (CCG1 ,VCG1 , ECG1 )
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Finite elements in software

Most finite element software allows the user to choose from a set of hard coded
elements. In order to use a new element, it needs to be implemented, typically
by a developer of the software.
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FUSE

FUSE is an open source Python package providing a domain specific language
that implements this definition.

With the new definition, we have all the information any finite element software
needs to implement an element.

It should be possible to adapt any software to directly use elements written by
users in FUSE without the need for internal code modification.

� https://github.com/firedrakeproject/fuse

(under construction!!)
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Example

CG1 on a triangle can be constructed and then used in Firedrake using FUSE
and the new definition with this program:

1 from f i r e d r a k e i m p o r t ∗
2 from f u s e i m p o r t ∗
3 c e l l = p o l y g o n ( 3 )
4 v e r t = c e l l . v e r t i c e s ( ) [ 0 ]
5
6 xs = [DOF( D e l t a P a i r i n g ( ) , P o i n t K e r n e l ( ( ) ) ) ]
7 V = ( P0 , C e l l L 2 , C0 )
8 E = DOFGenerator ( xs , S1 , S1 )
9 dg0 = E l e m e n t T r i p l e ( v e r t , V , E)

10
11 xs = [ immerse ( c e l l , dg0 , TrH1 ) ]
12 V = ( P1 , Cel lH1 , C0 )
13 E = DOFGenerator ( xs , S3 / S2 , S1 )
14 cg1 = E l e m e n t T r i p l e ( c e l l , V , E)
15
16 mesh = UnitSquareMesh ( 1 0 , 10)

17 V = F u n c t i o n S p a c e ( mesh , cg1.to ufl() )
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Communicating with other software

Finite Element
Solver

Element Implementations

Function data

Visualisation
software

Element Implementations

?
=
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Communication with other software - with Fuse serialisation

Function data

FUSE serialisation

Finite Element
Solver

Visualisation
software
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Extension of support for periodic table

D. N. Arnold and A. Logg, Periodic Table of the Finite Elements, SIAM News, vol. 47 no. 9, November 2014.
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Future work and goals

I Completion of FUSE infrastructure - Tensor Product elements, more
generic cell usage, larger variety of type of degree of freedom

I Exploitation of new structure in Firedrake - Orientation information,
non standard pullbacks.

I Integration of FUSE with other software (eg VTK)

I Element algebra - generalising the construction of new elements through
combining FUSE elements.

Thank you for listening!

R marsden@maths.ox.ac.uk
B https://www.maths.ox.ac.uk/people/india.marsden

� indiamai

DefElement
an encyclopedia of finite element definitions

Matthew W. Scroggs, University College London
a@mscroggs rmscroggs dmscroggs.co.uk cmatthew.scroggs.14@ucl.ac.uk

What is DefElement?

DefElement is an online encyclopedia of finite
element definitions. You can view it at

d defelement.com
DefElement includes definitions of a huge range
of finite elements including commonly used
elements such as Lagrange, Raviart–Thomas [6],
and Nédélec [4, 5]; and more exotic elements
such as Argyris [1], Regge [7, 2], and TNT [3].

What information is on DefElement?

• Name(s) of the element
• Definition and properties of the element
• Implementations of the element
• Example DOF diagrams and basis functions,

with plots created using Symfem [8]
• References

All the information and diagrams on DefElement
are available for reuse under a Creative Commons
CC BY 4.0 license: you can use them for free as
long as you link to or cite DefElement. All the
diagrams are available to download in PNG, SVG,
and TikZ formats.

Can I contribute to DefElement?

Yes! DefElement’s source code is available on
GitHub (MIT license). You can contribute by
opening GitHub issues for:
• New elements that could be added to

DefElement.
• Any improvements that you want to suggest.
• Any mistakes that you find.
Or, you could fork the repository and open a pull
request to:
• Add implementation information for a finite

element library that you use or maintain.
• Resolve any of the currently open issues: keep

an eye out for anything tagged good first issue.
• Anything else you want to suggest changing.
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