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Faraday Wave Experiment
Container of fluid with a free surface is subject to a vertical periodic forcing.
When the amplitude of the forcing exceeds a critical value, the system undergoes an instability
(Faraday instability) resulting in patterns formed on the surface.

Figure: A container of depth h, and length/width L (both directions) filled with fluid is subject to
vertical forcing f(t) and example patterns found experimentally, all from Edwards & Fauve (1994).
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Pattern-Forming Systems

We consider pattern-forming systems of the form

∂u

∂t
= Lu+N (u), (1)

where u = u(x, y, t) is the pattern-forming field, L is a linear operator and N (u) are nonlinear
terms.
Simple example: Swift–Hohenberg equation (SH23)

∂u

∂t
= µu−

(
1 +∇2

)2
u+Qu2 − u3. (2)

Example with two-wavelengths: Lifshitz–Petrich equation

∂u

∂t
= µu−

(
1 +∇2

)2 (
q2 +∇2

)2
u+Qu2 − u3. (3)
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Two Wavelengths: Linear Theory
We now consider problems where waves with wavenumbers k = 1 and k = q (q < 1) both
become unstable. They have growth rates µ and ν respectively. We also impose q < 1/2.
A mode of the form eσt+ik·x with wavevector k and wavenumber k = |k| grows with growth
rate σ:

k

σ

q 1

ν
µ

If we increase µ and ν from negative to positive, at µ = 0 (ν = 0) the trivial state u = 0 loses
stability, and waves with k = 1 (k = q) begin to grow. We write the pattern forming field u as
a sum of Fourier modes eik·x with |k| = 1 or |k| = q

u(x, y, t) =
∑

|kj |=1

zj(t)e
ikj ·x +

∑
|qj |=q

wj(t)e
iqj ·x. (4)
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Two Wavelengths, Nonlinear Terms: One Triad

kx
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k2
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A resonant triad is a set of three wavevectors where the sum of two
wavevectors gives the third wavevector: q1 = k1 + k2.
Since q < 1/2, the only possibility for coupling between both circles
comes from two waves on the outer circle and one wave on the inner
circle.
Considering just one triad we find the evolution of the amplitudes
satisfy

ż1 = µz1 +Qzwz2w1 + z1
(
A|z1|2 +Bα|z2|2 + C90−α/2|w1|2

)
, (5)

ż2 = µz2 +Qzwz1w1 + z2
(
Bα|z1|2 +A|z2|2 + C90−α/2|w1|2

)
, (6)

ẇ1 = νw1 +Qzzz1z2 + w1

(
E90−α/2|z1|2 + E90−α/2|z2|2 +D|w1|2

)
. (7)

(Porter & Silber 2004) analysed this system, searching for equilibria and bifurcations as
functions of µ and ν. They found the dynamics dependent on the sign of QzzQzw:

QzzQzw > 0: Saddle-node and pitchfork bifurcations. Steady solutions.

QzzQzw < 0: Saddle-node, pitchfork and Hopf bifurcations. Steady solutions and
time-dependent solutions: periodic and chaotic.

Laura Pinkney (University of Leeds) Three-wave interactions with two length scales January 16, 2026 5 / 16



Two Wavelengths: Additional Triads
Triads on both a rhombic lattice (a) and hexagonal lattices (b)–(c)
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(b)

kx

ky

q1

q2

q3

(c)

k1 + k3 + k5 = 0, k2 + k4 + k6 = 0, q1 + q2 + q3 = 0,

q1 = k1 + k2, q2 = k3 + k4, q3 = k5 + k6,
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Two Wavelengths: Amplitude Equations

Using both the rhombic and hexagonal triads, we write a system of 9 complex ODEs:

dz1
dt

=µz1 +Qzwz2w1 +Qzhexz3z5

+ z1
(
A|z1|2 +Bα|z2|2 +B60|z3|2 +B60−α|z4|2 +B60|z5|2

+B60+α|z6|2 + C90−α/2|w1|2 + C30+α/2|w2|2 + C30−α/2|w3|2
)

+K1z4z6w1 +K2z2w2w3 +K3z4z5w2 +K4z3z6w3,

(8a)

dw1

dt
=νw1 +Qzzz1z2 +Qwhexw2w3

+ w1

(
E90−α/2|z1|2 + E90−α/2|z2|2 + E30−α/2|z3|2 + E30+α/2|z4|2

+E30+α/2|z5|2 + E30−α/2|z6|2 +D|w1|2 + F60|w2|2 + F60|w3|2
)

+ Lhexz2z3z5 + Lhexz1z4z6 + L1z3z4w3 + L1z5z6w2.

(8b)

The subscripts denote the angle between wavevectors, where α is the angle between k1 and k2.
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Amplitude Equations: Simple Equilibria

(a) (b) (c) (d) (e)

Figure: Simple patterns and their fourier spectrum observed in the amplitude equations (8a)–(8b).
(a) stripes, (b) hexagons, (c) rhombs, (d) superhexagons, (e) stars.
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Modelling with 3WIs

Faraday Wave Experi-
ment (Faraday 1831)

Navier Stokes +
incompressible

Zhang & Viñals (1997a,b)

Amplitude equations: ODEs
(with quadratic terms)

low viscosity, large aspect ratio

mult. freq. forcing, WNLT

Rayleigh–Bénard Convection

Navier Stokes + transport
equation for tempera-
ture + incompressible

Swift–Hohenberg equation
(cubic nonlinearity only)

Amplitude equations: ODEs
(no quadratic terms)

Boussinesq, large aspect ratio

WNLT
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Our Model

Swift & Hohenberg (1977)

Lifshitz & Petrich (1997)

Model PDE

Amplitude equations: ODEs
(with quadratic terms)

mult. freq. forcing (two unstable wavelengths)

independent growth rates, more nonlinearities Rucklidge et al. (2012)

WNLT
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Model PDE

We now consider a model PDE which is an adaptation of the Lifshitz–Petrich equation

∂u

∂t
= L(µ, ν, q)u+Q1u

2 +Q2u∇2u+Q3|∇u|2 + C1u
3 + C2u

2∇2u+ C3u|∇u|2, (9)

where L is the linear operator

L =
−∇2[Aµ+Bν]

q4(1− q2)3
+

σ0
q4

(1 +∇2)2(q2 +∇2)2, (10)

with

A = (∇2(3− q2)− 2q2 + 4)(q2 +∇2)2q4, (11)

B = (∇2(1− 3q2) + 2q2 − 4q4)(1 +∇2)2. (12)

When Q2 ̸= 2Q3 or C2 ̸= C3, this breaks the variational structure that the Swift–Hohenberg
equation and the Lifshitz–Petrich equation have. Which allows for stable time-dependent
solutions.
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Numerical Results: QzzQzw < 0

(a) ODE,
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Figure: Comparison of patterns predicted using the amplitude equations with the PDE for Q1 = −0.9,
Q2 = −2.75, Q3 = −3.5, C1 = −2.75, C2 = −7.75, C3 = −16.5, σ0 = −2, q = 1/

√
7.
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Spatiotemporal Chaos
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Figure: Frames of a chaotic solution separated by 90 time units for Q1 = −1.06, Q2 = −2, Q3 = −0.8,
C1 = −1.4, C2 = −5, C3 = −15, σ0 = −2, q = 1/

√
7.
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Spatiotemporal Chaos: Faraday Waves

Figure: Kudrolli & Gollub (1996).
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Conclusions

Many types of patterns can arise within the Faraday wave experiment.

For the case q < 1/2, the only possible coupling of three waves between both critical
circles comes from two waves on the larger circle and one on the smaller circle.

3WI can lead to a variety of patterns, both stationary and time dependent.

The 3WI amplitude equations are generalised, so can be applied to any pattern forming
system with two unstable wavenumbers.

The amplitude equations can be extremely helpful at predicting dynamics seen PDEs in
the weakly nonlinear limit.
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