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Problem Set-up
Cosserat rods everywhere

(a) Bacteria flagellum [1] (b) DNA supercoiling [2] (c) Soft robot arm [3] (d) My earphones

Figure: Slender structures as Cosserat rods are ubiquitous in biology and soft robotics.



Development of Methodology
3-step flowchart

Vectorial expressions
(Traditional vector mechanics obscures geometric structure)

Moving frame representation
(Frame-invariant components reveal spatial symmetries)

Lie group and differential forms formulation
(Geometric field theory with manifest coordinate independence)



The Geometric Insight
Configuration living on SE(3)

Each cross-section’s configuration φ(u, t) is an element of SE (3) with position r(u, t)
and orientation ei (u, t).

• φ(u, t) =

(
1 0 0 0
r e1 e2 e3

)
∈ SE (3)

• Lie group kinematics:

∂uφ = φE , ∂tφ = φV ,

E =


0 0 0 0
h1 0 −Π3 Π2
h2 Π3 0 −Π1
h3 −Π2 Π1 0

 ∈ se(3) : generalised strain,

V =


0 0 0 0
v1 0 −Ω3 Ω2
v2 Ω3 0 −Ω1
v3 −Ω2 Ω1 0

 ∈ se(3) : generalised velocity

.



The Geometric Field Theory
Unified framework

Key Results (in the overdamped regime):

• Kinematics: dφ = φξ, ξ = Edu + Vdt

• Compatibility condition: dξ + ξ ∧ ξ = 0

• Dynamics: D∗Σ+ j = 0, D∗ := ∂u + ad∗E

• Constitutive laws: Σ = Σ(E ), j = −Γ · V + j(φ)

• Geometrised elastohydrodynamics equation:
φ̇ = φV , V = Γ−1[D∗Σ(φ−1φ′) + j(φ)].



Applications

• Structure-preserving geometric numerical methods

• Actuated/active motion of rods



Takehome Messages

We have developed a coordinate-independent, geometrically exact field theory to
study the non-linear stretching, shearing, bending and twisting motion of a rod in a
viscous fluid,

using structure-preserving geometric numerical integration,

with applications in actuated soft robotics.



Thank you for your attention!

This talk is based on the arxiv preprint
Geometric Field Theory for Elastohydrodynamics of Cosserat Rods [4] (currently under peer

review)
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