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Moments of the Riemann Zeta Function
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(Hardy and Littlewood, 1918)
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“Every moment brings a treasure; of its own especial pleasure;
Though the moments quickly die; greet them gaily as they fly!”
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Density of zeros: 1
/
d(t) ~ —log — N
T 27 H
N
¢(1/2 +it)
1 tn th o
wn =tnh—1log—, tp, =n" Riemann zero
27 27

scale the Riemann zeros so that their average
spacing is 1
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From: M.L.Mehta,
Random Matrices, 39 Ed,
Elsevier, 2004



Random Matrix Theory

« Developed in physics in 1950s
 Used to model excitation states of atomic nuclei
« Hamiltonian modelled by random matrix

« Spacing statistics of resonances predicted by
eigenvalues of random matrices
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Random Matrix Theory

Develop

Used to model excitation states of atomic nuclei

ed in physics in 1950s

Hamiltonian modelled by random matrix

Spacing statistics of resonances predicted by

eigenva

lues of random matrices
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Random Unitary Matrices

Ais an N x N unitary
matrix:

1
—

AAT = ATA=1

eigenvalues of A: '

A is chosen randomly
with respect to Haar
measure on U(N)

density of eigenphases: %
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In 1972 these two met:
Freeman Dyson:

Physicist

Hugh Montgomery:
Mathematician
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Moments of the Riemann Zeta Function

1

T
/ C(1/2 +4t)|*dt ~ log T
T Jo

(Hardy and Littlewood, 1918)
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E 1/2 +it)|*dt ~ —1
. T/D C(1/2 + it)|*dt ~ 5 log'T

(Ingham, 1926)
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Conrey and Ghosh suggest that as T" — oo:

2
AT

17 N2 gx
= ley2 4 i)t D 1o

_ 2 r MV2
a product over prime numbers
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90 — 1

r(1)
_ 91 _ 1 theorem — Hardy&Littlewood 1918
r(141)
1
g2 = —— theorem — Ingham 1926
r(1+ 22) 12
42
I3 — 2 conjecture — Conrey& Ghosh 1992
(14 32) 9!
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In 1996 Peter Sarnak...

...challenged Jonathan Keating
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PhD in the School of Mathematics, University of Bristol

bristol.ac.uk



Characteristic polynomial:

= det(I— A s)

/'\ Aa(s) nljjl (1= se"n)
N

Equate densities of zeros:
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Moments of the Riemann Zeta Function: Conjecture

1

T
T/ C(1/2 + it)|2 dt ~ axfrlog T
0

Moments of characteristic polynomials: Theorem

/ Aa(D)PdAsa0r ~ fron N
U(N)
N ~logT

Conjecture (Keating and Snaith, 2000):

Re A > —1/2 Ix=Ihom
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Erwin Schrodinger
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Random matrix theory, number
theory and the movie Proof:
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