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The non-Hermitian matrix-valued Brownian motion (BM) is the stochastic process of a matrix whose entries are independent complex BMs. In the Hermitian case, it is well-known that the eigenvalue process is described by Dyson's BM having long-ranged repulsive drift-terms. In the non-Hermitian case, however, the eigenvalue process is just the time-change of complex BMs, whose cross variations are expressed by products of the overlaps of the left eigenvectors and of the right eigenvectors. We claim that in the non-Hermitian case, It\^o calculus can be applied only to the invariant systems under scale (gauge)-transformations which keep eigenvalues but change left and right eigenvectors. Hence, the eigenvalue process and the eigenvector process are not suitable pair of stochastic variables to construct stochastic differential equations (SDEs). The pair of eigenvalue process and the eigenvector-overlap process seems to be nice, but we show that the higher-order generalized overlap-processes should be introduced in order to make the SDE system be closed. When the initial matrix is the null matrix with all zero entries, the present SDE system shall give the time-evolution following the BM scaling of the complex Ginibre ensemble. But the two-dimensional Coulombic repulsions between the Ginibre eigenvalues are hidden in the generalized igenvector-overlap processes. We will explain how to derive the time-depending Ginibre ensemble from our well-posed closed system of SDEs. This talk is based on the joint work with Syota Esaki (Oita), Satoshi Yabuoku (Fukuoka), and Jacek Ma{\l}ecki (Wroc{\l}aw).
