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Regular polygons




Polygons in negative curvature
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Fitting polygons together

coordination number ¢

qo = 27

pp — (p—2)m = KA
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Euclidean tessellations

Schlafli symbol {p, ¢} (p—2)(g—2)=14

Regular p-gons Coordination q
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Euclidean tessellations

Schlafli symbol {p, ¢} (p—2)(g—2)=14

Regular p-gons Coordination q
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Hyperbolic tessellations

{p, q} with (p —2)(

19,4}

{4,5}
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Poincaré disk representation

Plane of constant negative curvature:
2 2
]D:{:c,yER:a: + vy <1},

with metric
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Hyperbolic geometry implies:
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“Intrinsic” curvature scale 1
cosh 5\/ k|a?

| AN A D A D A D A D A D B D A R B D A D D D B D D D D A R N DR R A A DR R D R D D N R D B |
12 F Y p=3 P» p=7
® p=4 A p=8
10k 1 4 p=5 ® p=9 |
O p=6 O p=10| ,o®
.P
8 I "X 4
->A ;
™
S L. @@ <
L 6 DA @
— O
O
4k AO<> < {1
O
N . <
DAOO \4 1 4
2"' D 7]
(@)
< v
pao® 3
0r0O O v 4
L -+ £ ¢+ 1+ ‘1 + 1 + 1 + + 1+ £ + 1 ‘ 1 + £ ¢+  +  + 1+ & 1 1+ + 1 | 1 | ==
B D R R R R S S S DESEIEIEEES
B B S B S P e P S 29y

Alex Hickey



*
Hyperbolic matter

= Geometry beyond Euclidean crystals: curvature 5
becomes an additional degree of freedom.

= Lattice # atomic crystal: circuit QED, topolectric,
photonic, and programmable architectures can
realize graph connectivity directly.

= Hyperbolic lattices appear naturally in AdS/CFT
tensor-network and quantum-error-correction

0

constructions. - T A — Epeimen
= Literature on single-particle systems is relatively R T Y, | B | * P\ T ATy

mature, strongly correlated phenomena such as 5 ool 1Y (i |

magnetism, superconductivity, Hubbard physics, and = -] |
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Frequency (GHz)

A. J. Kollar et al., Nature 571, 45-50 (2019)
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NS
Outline

= Long-range magnetic order at finite temperature in 2D hyperbolic lattices
[A. Hickey & JM, arXiv:2606.27422]

= Hyperbolic spin liquids
[P. M. Lenggenhager, S. Dey, T. Bzdusek, & JM, Phys. Rev. Lett. 135, 076604 (2025)]

= Lieb-Schultz-Mattis constraints for hyperbolic lattices
[G. Shankar & JM, arXiv:2605.15974]

11



Long-range magnetic order at finite temperature
in 2D hyperbolic lattices

arxiv:2606.27422

Alexander Hickey
(U. Alberta)



Hyperbolic Heisenberg model

H=J) §;-85,
(i)

Holstein-Primakoff transformation

Tt 1/2
Si:(S—aa>ezo+\/_ 1—215 Z.

H — i SQ—n/QHn

n=0

We study the low energy, bulk properties of the
hyperbolic Heisenberg antiferromagnet.
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Bethe lattice limit

The limit {p — oo, ¢} is the infinite regular tree
graph — the Bethe lattice.

Resolvent of the adjacency matrix:
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Continuum limit

O(3) Nonlinear sigma model:
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Euclidean overview

Ground state (T=0) is Néel ordered, low energy subspace is Goldstone mode wg ~ c|k|.

Correlations (T=0) are long-range (massless):

||

Finite temperature fluctuations destroy magnetic order (Mermin-Wagner theorem):

C'y(rij) =

C()T “* dw
(Si) ~ S — 6m(0) — T/o =
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Bulk density of states
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Spectral gap

q-regular Bethe lattice:

AAFM = J(q — 2)

Continuum:
- 6
Jq :
AAFM = — K CL2. [0
3 vV |K| B
0.0 - ol 3
. 0 5 10 15
Curvature induces magnon gap 5
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Zero-point fluctuations
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Critical temperature Solve for T'= T, such that (S;) = 0.
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Transverse correlations
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Transverse correlation length
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NS
Summary [Part I]

= Hyperbolic geometry changes the infrared
phase space of spin waves, allowing finite-
temperature magnetic order with
spontaneously broken SO(3) symmetry.

= Negative curvature induces a bulk spectral
gap, short-ranged transverse correlations,
and reduced quantum fluctuations.

arxiv:2606.27422
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Hyperbolic spin liquids

Phys. Rev. Lett. 135, 076604 (2025)
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Patrick M. Lenggenhager Santanu Dey Tomas Bz.du§ek
(MPI-PKS) (ENS) (U. Zurich)



Kitaev spin liquid

Ann. Phys. 321, 2 (2006)
Anyons 1n an exactly solved model and beyond

Alexe1l Kitaev *

California Institute of Technology, Pasadena, CA 91125, USA



Kitaev spin liquid

Ann. Phys. 321, 2 (2006)

Alexe1l Kitaev *

California Institute of Technology, Pasadena, CA 91125, USA

* Mapping to free
fermions: 3-edge
coloring

e Solution of the flux
optimization problem:
Lieb’s lemma

Anyons in ansolved model and beyond



*
Hyperbolic Kitaev model

i o = Generalize Kitaev model to bipartite {p,3}
H=- Z Ja0j0; lattices (p even): 3-edge colorable (Konig’s
ke theorem)




*
Hyperbolic Kitaev model

= Generalize Kitaev model to bipartite {p,3}
lattices (p even): 3-edge colorable (KOnig’s
theorem)

= “Symmetric” (Kekulé-like) 3-edge coloring
admits extensive number of (hyperbolic)
reflection symmetries

= Allows for exact solution of flux optimization
problem via Lieb’s lemma:

Wp = —(—1)P/?




Phase diagram

= Similar to “type-III"” (Kekul€) 3-edge coloring
on honeycomb lattice

Jo=1 J,=0 J,=1

AE
3J I LI I LI
0 1 2 3 4 Kamfor, Dusuel, Vidal, Schmidt, J. Stat. Mech. PO8010 (2010)

fermion gap




R
Phase diagram

Jo=Jy 20 +J. =3J

--------------- /_\‘N = Unlike honeycomb
"_ @ HBT% lattice, gapless
i cf-PBC isotropic point has
. finite density of states
N | T (“Majorana metal”)
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fermion gap E/(3J)



Phase diagram

Jo=Jy, 20+ J,=3]

LT ....................... .
. AL A T INC S
Jx=1 JZ=O Jy=1 OQV H ' \w'if
AE ] S e et P
3J IIIIIIIIIII
0o 1 2 3 4 -1 0 1
fermion gap E/(3J)

= Unlike honeycomb
lattice, gapless
1sotropic point has
finite density of states
(“Majorana metal”)

» Metallic behavior due

to “non-Abelian Bloch

states” (Rayan & JM,
PNAS 22)



7., spin liquid

e o B, T e o, T
16 J3 e 165 = 2048 J! S

S ees, | B s 5 P
W 2.0

= J, > Jgz, Jy limit maps to “Wen plaquette

model” on (8,4,8,4) Archimedean lattice

« Vortex gap A/J, ~ JﬁJ;/JS, compared
toA/J, ~ J2J?/J; onhoneycomb
lattice



7., spin liquid

(B!
e

3
@:

maps to Z, toric code on {8,4} lattice



Breaking time-reversal symmetry
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= 3-spin interaction
breaks time-reversal
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Real-space Chern number
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Chiral Majorana edge states
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E/(3J)
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= In-gap boundary modes with chiral
angular momentum dispersion F o< £
with half-integer quantization £ € Z + %

= Inserting vortex at center of the disk
shifts angular momentum by 1/2



Chiral Majorana edge states

= In-gap boundary modes with chiral
angular momentum dispersion F o< £
with half-integer quantization £ € Z + %

= Inserting vortex at center of the disk
shifts angular momentum by 1/2

= Wave packet propagates with definite
chirality



NS
Summary [Part II]j

= Kitaev model can be generalized to {p,3}
hyperbolic lattices

= p even (bipartite):

= symmetric 3-edge coloring exists, ground-state
flux known through Lieb’s theorem

= Gapped/gapless Z, spin liquids

= p odd (non-bipartite):
= 3-edge coloring exists in principle (Tait’s theorem)
= Odd cycles give chiral spin liquid with

spontaneous T-breaking (Dusel et al., PRL 2025,
Vidal & Mosseri, PRB 2025)

Phys. Rev. Lett. 135, 076604 (2025)



Lieb-Schultz-Mattis constraints for
hyperbolic lattices

arXiv:2605.15974

I 4 /

G. Shankar
(Yale U.)



S Em—
Lieb-Schultz-Mattis theorem

General constraint on ground states of quantum many-body systems with global U(1)
symmetry (charge / S, conservation) + lattice translation symmetry

“A trivial (unique, symmetric, gapped) ground state is forbidden at fractional filling / spin
per unit cell”

Proved in d = 1 by Lieb, Schultz, & Mattis (1961)

Extended to d > 1 by Oshikawa (2000) and Hastings (2004)



S Em—
Lieb-Schultz-Mattis theorem

= “A trivial (unique, symmetric, gapped) ground state is forbidden at fractional filling / spin
per unit cell”

= What is the ground-state physics at fractional filling / spin per unit cell?

| | | |

e.g. metal, spin-1/2 AF
Heisenberg chain




S Em—
Lieb-Schultz-Mattis theorem

= “A trivial (unique, symmetric, gapped) ground state is forbidden at fractional filling / spin
per unit cell”

= What is the ground-state physics at fractional filling / spin per unit cell?

| | | |

e.g. metal, spin-1/2 AF
Heisenberg chain




Oshikawa’s topological argument

OF]

H=—tY Y e “blbyie, +h.c.+ Hinn]
r 7=1,2

= Hardcore bosons / spinless fermions at filling v

Oshikawa, PRL 84, 1535 (2000)



Oshikawa’s topological argument

H=—tY Y e “blbyie, +h.c.+ Hinn]
r 7=1,2

= Hardcore bosons / spinless fermions at filling v

= After adiabatic insertion of flux @, = 2r, crystal
momentum P, changes by AP, =2nvL,

Oshikawa, PRL 84, 1535 (2000)



Oshikawa’s topological argument

H=-tY Y e "“iblb. ., +h.c + Hpln]

r 9=1,2

= Hardcore bosons / spinless fermions at filling v

= After adiabatic msertion of flux @, = 2n, crystal
momentum P, changes by AP, =2nvL,

= Assume unique, gapped ground state: final & initial
states must be the same

N\

// /f// /f/f// // /f /

Ly
@l

EUNURRRY

Oshikawa, PRL 84, 1535 (2000)



Oshikawa’s topological argument

H=-tY Y e "“iblb. ., +h.c + Hpln]

r 9=1,2

= Hardcore bosons / spinless fermions at filling v

= After adiabatic msertion of flux @, = 2n, crystal
momentum P, changes by AP, =2nvL,

= Assume unique, gapped ground state: final & initial
states must be the same

= But for non-integer v, will have AP # 0 (mod 2)
for certain choices of L,: initial and final states
cannot be the same (contradiction)

N\

// /f// /f/f// // /f /

Ly
(ﬁ*

AN

Oshikawa, PRL 84, 1535 (2000)



Oshikawa’s topological argument

H=-tY Y e "“iblb. ., +h.c + Hpln]

r 9=1,2

= Hardcore bosons / spinless fermions at filling v

= After adiabatic insertion of flux @, = 2n, crystal
momentum P, changes by AP, =2nvL,

= Assume unique, gapped ground state: final & initial
states must be the same

= But for non-integer v, will have AP # 0 (mod 2)
for certain choices of L,: initial and final states
cannot be the same (contradiction)
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Oshikawa, PRL 84, 1535 (2000)



*
Euclidean crystallography

= Space group G: full symmetry group (infinite),
discrete subgroup of Euclidean group £(2)




Euclidean crystallography

- g = pdm
L. T =Ty, T, : T,T,T, T, ") = Z7

= Space group G: full symmetry group (infinite),
discrete subgroup of Euclidean group £(2)

= Translation group 7 torsion-free normal
subgroup of G (infinite)



*
Euclidean crystallography

G =pim=A(2,4,4)
T =TTy : TT,T T, ) = 27

INE

= Space group G = Euclidean triangle group

INF
SIE



Hyperbolic crystallography

= Space group G: hyperbolic triangle group,
Fuchsian group = discrete subgroup of PSL(2,R)




Hyperbolic crystallography

= Space group G: hyperbolic triangle group,
Fuchsian group = discrete subgroup of PSL(2,R)

= Translation group I': torsion-free normal
subgroup of G (Fenchel’s conjecture)

JM & Rayan, Sci. Adv. 21, PNAS ‘22; Boettcher, Gorshkov, Kollar, JM, Rayan, Thomale, PRB 22



Hyperbolic translations

V3
V2

71

L= (v1,72,78,7 M2 9377 71 2% 74 = 1)

JM & Rayan, Sci. Adv. 21, PNAS ‘22; Boettcher, Gorshkov, Kollar, JM, Rayan, Thomale, PRB 22



Hyperbolic translations

73 » ‘ \‘\\
Y2

71

H/T =3,

T = (71,72,73, 74 : Y2 ¥3%5 71 2v3 va=1) Z (X))

JM & Rayan, Sci. Adv. 21, PNAS ‘22; Boettcher, Gorshkov, Kollar, JM, Rayan, Thomale, PRB 22



D= (71,792,774 1 Y2 3% 1 275 va=1) = mp(Xg)

JM & Rayan, Sci. Adv. 21, PNAS ‘22; Boettcher, Gorshkov, Kollar, JM, Rayan, Thomale, PRB 22



Many-body flux insertion

29
X H = —t >: > : et A bjfybwj + h.c. + Hiy|n|

V3

Y2 vel’ =1

71

= How to define a finite periodic lattice
(cylinder/torus) for momentum counting?




Euclidean vs hyperbolic compactifications

hyperbolic

Euclidean

» Finite quotient I’ / I'pBC

= Finite quotient Z*/(I1Z x LoZ)



Euclidean vs hyperbolic compactifications

Euclidean hyperbolic

= Finite quotient Z*/(I1Z x LoZ) » Finite quotient I'/I'ppc

= 2 momenta P, P, = 2g momenta Py, ..., Py,



Euclidean vs hyperbolic compactifications
g

Euclidean

hyperbolic

= Finite quotient Z*/(I1Z x LoZ) » Finite quotient I'/I'ppc

4 A
= 2 momenta P, P, = 2g momenta Py, ..., Py,

= 2 fluxes @, D, = 24 fluxes @y, ..., Oy, with h >> g
\ y,




*
The flux lattice

29
Do = Y Aj(ga)A,
j=1

= Abelianizationmap A : I"' — I'/[I',I]

= For N particles, allowed momentum differences
AP/N = 4; live in dual lattice A(I'ppc)*

= AP # 0 (mod 2m) for certain compactifications
implies trivial ground state 1s impossible



Elementary divisors

= A(I'pge)™ can be determined by first “diagonalizing” A(I'pgc) over Z (Smith
normal form), with “eigenvalues” L,, ..., L,, (elementary divisors)

729 [Appc 2 Z/INZ DL/ L7 D -+ DL/ Lo, 7

L~ “length” of periodic lattice along “direction” j




Ground-state degeneracy

- ” ~
GsD > [ L
- ng(Na LJ)
7=1
N y

= Lower bound for ground-state
degeneracy of N-particle system on
periodic hyperbolic lattice




Ground-state degeneracy

- ” ~
GsD > [ L
- ng(Na LJ)
7=1
N y

= Lower bound for ground-state
degeneracy of N-particle system on
periodic hyperbolic lattice

= Evaluate for 100 translation-
invariant, randomly generated
periodic clusters of {8,8} lattice
with ~500 sites



Ground-state degeneracy

4 N . v=1/2
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= Lower bound for ground-state 2 05
degeneracy of N-particle system on T —————— 3 e————————
periodic hyperbolic lattice
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Abelian cluster Non-Abelian cluster



Ground-state degeneracy
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Abelian cluster Non-Abelian cluster



NS
Summary [Part I1I]

= Oshikawa argument for Lieb-Schultz-
Mattis theorem can be generalized to
hyperbolic lattices

= Filling v defined relative to unit cell of
“hyperbolic translation group” I'

= Example application: trivial ground state
impossible at fractional fillings on {4g, 4g}
and {2g + 1, 4g + 2} lattices, g>2
(generalize square & triangular lattices,
respectively)

arXiv:2605.15974



Open questions

= Hyperbolic Heisenberg antiferromagnet: nonperturbative determination of Neel
temperature and zero-temperature correlation length (QMC?)

= Frustrated Heisenberg models: noncollinear orders / SO(3)-symmetric spin liquids?

= Exploit LSM constraints to diagnose topological order vs symmetry breaking in
numerical exact diagonalization studies (momentum quantum numbers)

= Experimental realizations (?): frustrated spin models from photon-qubit interactions

(Bienias et al., PRL ‘22), Rydberg atom arrays with non-Euclidean geometries (Periwal et al,
Nature 21)
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